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ABSTRACT

This study concerns the laminar flow of an incompressible fl1id through
3 curved pipe with an elliptical cross section. The governing equations are
derived by applying the Navier-Stokes and continuity equations in cylindrical
coonrdinates and the method of successive approximations to get the five partial
differential equations. These equations are solved by the perturbation method,
and twenty numerical examples are presented. For each example, arbitrary
numerical parameters are assumed for input into an IBM 7094 Computer to
obtain solutions for the simultaneous algebraic equations. For an eccentricity
of one, the ellipse degenerates to a circle and Dean's solution for the stream-

iine flow of an incompressible fluid through a curved pipe with a circular
cross section is obtained.
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CHAPTER I
INTRODUCTION

The design of present and future high performance missiles, rockets,

and aircraft necessitates the optimum use of all available space. To help

accomplish t.._3 requ..ement, bent tubing and curved pipes are frequently used.
In the design of these piping systems, it is gen:rally assumed that the circular
cross-sectional area remains constant to simplify the analysis. This is a true
assumption ouly if the pipe is cast or forged, or if a fitting with a circular
cross section is used to obtain the required curvature. However, a fitting is
used only for small curvatures. Large curvatures are usually desired to
reduce the pressure drop, decrcase the size of pipe or increase the flow rate.
This is accomplished by bending a piece of straight pipe to the desired curva-
ture, thus distorting the circular cross section and making it elliptical.

The purpose of this reportis to study the effect of the eccentricity of
an elliptical cross section in a pipe with a small curvature and to get a second-
order approximaticn of the flow rate through the pipe.

The term ""curved pipe' as used in this reportis a pipe with an elliptical
cross section bent so that the center of the ellipse fori:s a circular arc. It is

assumed that the flow is fully developed throughout the region and that the

straight pipes are connected to the bend so that they always lie in the plane of
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the bend with their center lines tangent to the center line of the bend.

Dean [1927] showed that the motion of a viscous, incompressible fluid
in a curved pipe with a circular cross section consists of a primary motion
along and parallel to the center line of the pipe, and the secondary motion
which is in the plane of the cross section. His solution is the most detailed
and perhaps the best theoretical study performed to this date although it is
severely limited to Dean'= numbers less than about 400. This results from
neglect of the unsymmetrical terms in the second-order approximation of the
flow rate and the insufficient number of terms used with the method of suc-
cessive approximations. He also assumed small pipe curvature and that the
circular cross section remained circular after the pipe was bent. Within its
limitations, Dean's solution agrees very well with experimental data, and his
theory has been widely used and extended.

Thomas and Walters [1963] used Dean's appro..ch and analyzed his
problem using an elastico-viscous liquid. Their work showed that the el=stico-
viscous property of the fluid reduced the curvature of the streamlines in the
central plane and increased the rate of flow through the pipe.

Baura [1963)] took Dean's [1928] basic equations and integrated across
the boundary layer to get the momentum integral form. The equations were
than solved by Polyhausen's method. The results agreed very well with

experimenta] data but are prohably no more accurate than Dean's solution.




Clegg and Power {1963] analyzed the flow of a Bingham fluid* in 2
slightly curved pipe, but their solution was accurate only to the first-order
approximation and did not include the effect of the curvature. The effects of
a plug being inserted in the center of the pipe were also stucied.

Thomas and Walters [1965] studied the flow of a fluid through a curved
pipe with an elliptical cross section, but their results were accurate only to the
first-order approximation. Their solution indicated that the rate of flow
through the pipe was independent of the curvature. It was then concluded that
the second-crder terms were required to determine the effect of curvature on
the rate of flow through the pipe.

The experimental approachtospecial cases of this problein was taken by
White [1929] and Keuleganand Beij [1937]. The results obtained conformed very
well with Dean's solution. White performed experiments with water and oil
flowing through curved pipes with oval and circular cross sections to determiae
the law of resistance for strcamline flow. Keulegan and Beij conducted experi-
meunts with water {lowing through a curved pipe, with a circular cross section
prior to bending, to determine the pressure losses “ue to the large curvature of
the pipe. The first experiments resulted in an eq .ion for the prediction of
head ioss, and the second experiments resulted in an equation for the increase
in resistance in a bend as compared to that of a straight pipe.

This study considers the streamline motion of a viscous, incompressible

* A Bingham fluid is a material that cap support a finite stress elasti-
cally withont flow and flows with cunstant plastic fluidity when the streeses are
sufficiently great.
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fluid in a curved pipe with an elliptical cross section. The angle of beud in the
pipe is unrestricted provided that the curvature is small and the flow in the
boind is fully developed.

The governing nartial differential equations are derived in Chapter Ii
by applying the equations of motion (Navier-Stokes equations) and the continuity
equation in cylindrical coordinates. The method of successive approgimations
is then used to obtain equatiors which are accurate to the second-order approxi-
mation.

In Chapter III these nonlinear partial differential eguations are sclved.
Simultanecus equations involving the constants are then obtsined br matching
coefficients. The unsymmetrical terms, although negligible for small Dean’s
numbers, azre not small for large Dean's numbers and are not neglecied in the
solutions. Therefore, these solutions are more accurate than the corresponding
seccud-order approximation soluticn presented by Dean for a pipe of circular
cross section. By letting the cross-sectional ellipse degenerate to a circle, the
equations of the present work reducec to Dean's {1928] equations except for the
last equation, in which Dean neglected the unsymmetrical terms.

The four sets of sirmultanecus equations in matrix form are presented in
Chapter IV, and their computer solutions are in Appendix B. Tue equations for
the rate of flow through the curved pipe are integrated, and equations for 20
different ecrentricities of the cross-sectional ellipse are presented in Chapter IV.

The discussion, summary and conclusions, and recommendations for

future research are given in Chapters V, VI and VII, respectively.

T N
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b .
GOVERNING DIFFERENTIAL EQUATIONS : :
k A. Assumptions
This work is a study of the streamuine motion of a Newtonian fluid in 2 3
curved pipe with an elliptical cross section. The equations of motion in cylin-
drical coordinates {v', ©, y') are applied to the arrangement shown in
Figure 1. I
The following assuinptions are made in ‘he derivation of the governing ,
i
partial differential equations: i
: 1. Streamline motion theory app.ies. :
? 2. Body forces are negligible. .

[\

The flow is steady, uniform and incompressible.
4. The curvature of the pipe is small.
5. The flow is axisymmetric and all flow variables except pressure
are independent of €.
6. The flow is fully developed throughout the region of study.
For laminar, incompressible flow the unknown variables corsist of the
pressure and three components of velocity. To solve for these four unknowns

the three equations of motion (Navier-stokes equations) and the continuity

¥ equation are used. These equations appear in Schlichting {196%] as well as
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Figure 1,

Cylindrical Coordinate System
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most text hooks on fluid mechanics, and are given in the following sections.

B. Navier-Stokes Equations in Cylindrical Coordinates

For the r'-direction:

dqr o4y 99 aqr 8qr q29
pl— + g +— ==t q == . =
ot r or' r g0 qyay' T!

q aq

=pt -2 4yl L2 0
T er T e o2 29

For the © -direction:

94y 995 45095 3qy  q qg)
+ + + +
ot drar 1 a0 N By r'

d9q_ q

1 9P /2 2 %r o

= f - - — + V! 4 o———— .
P o 6 “\ .00

r't 1"2
For the y'-direction:

24 aqy qe aqV aqy

—L + g =L +— L4 —
Aot " %ar T 38 Yoy

_ P 2
=l oty Y

C. Continuity Equation in Cylindrical Coordinates

ac
A
+ — + =
ar' r r

Oqe . qu

00 ay'

= 0

(2.1)

(2.2)

(2.3)
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where f f_, and fy are the components of the body force; 9.

~ and qy are

G’
the components of velocity; P is the pressure; p is the fluid density; uis the

38 1.3 1 3% @
absolute viscosity of the fluid and V2 = —+ — — +—5 -5 +—,
81.'2 r'ar' ! 99 av'2

The assumption of steady flew and negligible body forces reduces

equations (2,1) through (2. 3) to:

2 A
S WS P S T P
! \ra r' 20 qy 8y’ ! or' X r'? pr? 80 |
e} Q. 09 q ga_ a
T or' r 36 ay r' 86 (5] '3 02
9q_ 4, 09
_X..l.__e_ q J. = _.ai_;. V12 2.7
PO T 0 T yay ay' A (2.7)
Since the flow is uniform and qr, q o’ and qv are independent of O,
= aqy = aqe = 0, The kinematic viscosity = £ and the equations
20 0 0 YrE g
(2. 4) through (2.7) become:
aq a. aq
- {
T TR T 0 (2.8)
....a_.qr + q -a_.qr_ - 1_6. = - —1_ :a_g_ + p V'2 - ?.r—..
qr or' y oyf r' g or' qr X (2.9)

p
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oag, 2q, 9 q \
T © 1 8P 02 o
= .= = -9 2.10
9 ar' qy ay' r' pr' 80 v % r,z/ ( )
z _EX_ A T (2.11)

or' ay p 8v qy

where V' is redefined by

For incompressible flow the density is constant. Also, from
Figure 1, r' = R + x'. For small curvatures the radius of curvature of the
pipe, R, is large when compared to the distance x' shown in Figure 2. There-
fore, r' approximately equals R and equations (2.9) through (2.11) can be

expressed as:

G Y oy ST T T Y v, - ;%— (2.12)
o g % 1 a@ , o
qrm;')-l"-‘_* q‘yT}ﬁ+ - :—-—R— 85 +p{V! _F (2.13)
)
aiy' o 8"yy d ‘f = VV’qu , (2.14)

where R is a constant.

Since q. qe, and qy are independent of 9, all terms in equations
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(2.12), (2.13), and (2. 14) are fuictions of r' and y' only except the pressure

—1— 8(;’9/0) , - a(li{p ), and - —%{#’l . Solving each of these equatious

terms -

for its pressure term shows that the three pressure terms are also functions of

T r'andy only. Therefore, %2 e© + f(r',y'), where e, is a constant. Then
P .
! --—-3(7)")- ! 8[616 T S constant (2.15)
R 96 R a0 "R T

Redefining the constant - %‘- = —Gp-makes G a coastaat which can be
called the mean pressure gradient, It is the space-rate of decrcase in the
pressure along the central line traced out by the center of the pipe.

Differentiating equations (2.12) and (2. 14) with respect to v' and r',
respectively, and subtracting (2.14) from (2.12) eliminates the pressure

terms. The results are

2
3 9, 9. 2 oq, a. Y
— - - q -— g ==+ - - — (2,16)
or ror A av r or 7y r
q
a
- L’__gz_'_ vu2q . - (' 2 - __r.,)
ar y oy 02
ry
— : - € G N
Using equation (2.13) and ~ — = ; ,equation (2.13) can be zxpressed
as
D ey P}
“Se 9% %% ¢ 2 s
q, + q — + s—+ p{V'q., - —1 . (2.17)
or' v oy r' 2 (] 2

Because of the highly nonlinear character of these equations, a solution

I g
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cannot be obtained in this form. 1t is, therefore, necessary to simplify them
in such a way ti.at the nonlinear aud curvature effects are retaine To accom-
plish this and transfer the origin from 0' to 0 (Figure 1) it is assumed that vl
in eylindrical coordinates equals v'? in Cartesian coordinates,-a—i—'— = 3 + T
and r' is approximately R. The small curvature of the pipe provides the basis
for these assumptions. It is evident that these assumptions are equivalent to
the ones made by Dean [1928] for a curved pipe with a circular cross section
because the equations obtained degenerate to those presented by Dean [1928].
for the circular case.* Since the r'- and x'-directions are the same, qr = qx,

where q, is the velocity in the x'-direction. Use of these assumptions reduces

equations (2.8), (2.16), and (2.17) to:

q G
) 1 X y ‘o
i K o =
0 q 2 ;
R | TS O O DU R O SO S -
ox /I 3ax T’ q} ay' oy’ % 3x r! qy oy’ R
(2.19)
1
_ _ 2l 9 o, - X
v e r)v q3 Vo5 ”
/
9q q, a9 q
0 1 ’
8 1 Ole q 2L+ X85, vy -2} (2,20
ox r X ox' y 8y’ r' P 5] '2
r
8’ 8°
where, by definition, ¥'° = —Bx'z + 'w,g in the Cartesian coordinate system.,
[¢

*The only exception is Dean's solution for the second-order approxima-
tion of the velocity in the ©-direction, in which he neglectad the unsymmetrical
terms of the solution.

e -
P o g e Y




e AT AR KT WAL

i e ARSI W R TOE

13

Performing some of the operations indicated in equations (2,18)

q.. ;
through (2.20) and neglecting the terms -1;1; V'zqy, q—?-;—;’- , and-;-;, which are of

the same order of magnitude as the small curvature squared, reduces these

equations to:

aq 8q ) q
($] (5] _ G 12 ___e )
Y% Y 9 ”(V % “) ' (2:23)

Equations (2.21) through (2.23) are put in nondimensional form by the

substitutions:

x' = ax y' = ay r' = ar (2.24)
v v
= = .V = WaiW
4% =7V 9 =3 v 90 o

where W, has the dimensions of velocity and 2 hus the dimensions of iength.

Equations (2,21) through (2.23) become:

., V '
— .a__.U + 91,_ = f (2.25)
a

0x Oy

v o fs 1 v v ) au BU) IW,e . oW
— - — e - —— g Lty S )y 200 il
ad (ax r) (U ax Va oy Uax V-'dy' aR Way

e e I o SR 4 A

RN T AR %
2y
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_ [aw?V) _aviy 1 au]
4

(2.26)
a ox oy ! oy
ﬂ(U%J'V%W‘ R PR (VzW-E-) : (2.27)
a y F a2 r?
2 2
where w2 = 0 + 9
ax* é)y2
2
Lividing equation (2.25) byf_, equation (2.26) by_u_ , equation (2.27)
) W a’ at
by —- and neglecting the terin —, which does not affect the second-order
a’ r’
approximation, yields:
U v
8x+8y_0 (2.28)
e 1 av A" d aU aU oW
e e U ie 4+ V) = — [U—+ V——] + KW — (2.29
(8x r>( JX 3y> 3y ( dX ay) K oy ( )
_ vty _a(v'y)  1au
ax oy . 9y
oW aw )
e+ V e—m=C + V 2.
U s 5 w o, (2.30)
where
2 2.3
g = W (2.31)
Ry
and
Ga®
C = — . (2.32)
LWy

The stream function, ¥ (x,y), is defined such that equation (2.28) is

satisfied and in Cartesian cocrdinates is:




AR R ORI et IS Yt - e

Substituting equations (2.33) into equation (2. 29) yields:

’ 1 2 2 2
ﬂi_%ivzw+_-ﬂ%—ﬂmaw +KW—E-)—“—7
gx 0y 9y 90X r ox dy Ox axoy ay

2
= - v{(VX) +_i. 8y

oy*

2

15

(2.33)

(2.34)

2 2 ~2
\ 1 :
The termsi—l:_a_di oY %9 B z,b] andF ?.E are third-order terms and are

ax? v 0X 0x0y by

negligible for a solution accurate to the second approximation. Thereiore,

equation (2.24) is expressed as:

2 2
y y y 9% Byz

Substituting equations (2. 33) into equaticn (2.30) yields:

W uh oW
9y ox ax 9y

The asymptotic expansions used to apply the method of successive

approximatinns are as follows:
¥ o= Koy + K&y + ..

W= W, + KW, + K'W, + ...

(2.35)

(2.56)

Different.iting equations (2.37) and substituting into equation (2.35) yields:
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By . 2 88\ 0 [ 0y . B D 8% 57
K —_! 4- KA. __Z - ( -_1 + K; “ K 1 + KZ zi’2
5% "% J5v 5 == | = —_— — (2.37)
( ) ! y ay/ ox B o

2 IS

a - aaq‘ /

+ K-—-d'}} + K“——”-) + K(Wp + KW, + szz)(f’:‘-'o
' . ay

ay* oy’
n?
AV ; 2 2\ 7 a2y 3°Y,
rx 25y 2__?)“’2 = -(_a_+.._a_ k ¥y g
u .
y y ox’  ay?) ax’ %
2 .9
ay? A
Equating the zero-crder terms (involving KU):
0=10
Equating the first-order terms (invelving K!):
oW
V'?4 :_-.“ 0 :::} s
VY =-Wp Fralt {7 38)
where Vi, = V:{ ‘C’Zzlr,) by definitios an?d
o PAS
ox oy’

Equetirg the second-crder terms (involving K*j:

J Ay 9%y aYy Ny By %y 0dy 6%

Thy = = e = L (2.39)
O o Y oxay? X pgay 0K G
- W, Wy | Wy ?_‘Z(’_
Iy oy

Differentiazing equations (2.37) andsubstituting into equaticr (2.36) yields:

W7 e, ia
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& oty \ oW, . . oW oW,
[k P14 g2 ‘Pz) 04+ K 1o 2 2
< 3y 3y J\ 3% x - X ox )
- g2 +K2.-——a¢2) W 4 k 21, g2 af"z
ax X 2y oy oy
2ur 52 2 2
= C +(a“"+K W 2 ¥W 3 W
\ ox? ax’ 3y’
2 42
+x WML d_._..wz)
Byz ayz
Equating the zero-order terms (inv. “ing K%:
VW, = -C . (2.40)
Equating the first-order terms (invelving K'):
3¢y OW, 0¢; oW,
viw, = 19270 2T 9 .41
! 3y 09X ax oy (2.41)
Equating the second-order terms (involving K%):
Vi, = 22 3Wo %y Wy oy oW, 00y OW, (2.42)

9y éx 9y ox 5% 9y  0x 9y

Terms involving K to powers higher than two are negligible because the equa-~
tions are only accw >*e to the second-order approximation.

Equations (2. 38) through (2.42) dre in a solvable form and aye the
governing partial differential equations. The boundary conditions for equations
(2.38) and (2,39) are:

Y= ¥,= 0 whenl - ¥ - miy? = 0 (2.43)

o v —

[N,

- .
o s e e
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and

....-:'._.:,,__:__'.._:0, whenl-xz—mzyz=0, (2-43)
A i

wheve m is a positive constant reiated to the eccevtricity of the ellipse, e, by :

the equations ;

®
|
|
l
g
I
.
8
v
—t

and

M1 -om?o Dcm=1

1
e = —
m

The boundary conditions for equations (2.40) through (2.42) are:
Wy=W,=W,=0 , whenl-x*-mi?=0 . (2.44)

Egaation (2.40), V2W0 = -C, is the governing partial differential
equation for flow through a straight pipe. This is the same equation presented
hy Dean [1928]. Therefore, the boundary veiue nroblem for flow through a
straight nipe with a circular cross section differs with that for a straight pips

with an elliptical cross section only in the boundary conditions.

O
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CHAPTER III
SOLUTIONS TO EQUATIONS

The nature of differential equations (2.38) through (2.42) and the
geometry of the cross section of the pipe suggest that the solutious for W,;, W,
Wo, ¢y, and &, ma.y be assumed to be polynomials in x and y. For convenience.
the solutions are assumed in 2 form sc that the symmeiry requirements and
boundary conditions are satisfied in advance. The boundary ccnditions en ¥,
and ¢, are given by equation (2,43}, and the condition on W,, W,, and W, is that
each vanishes on the houndary as required by equation (2.44). Inspection of
the governing differential equations shows that W, and W, are symmetiic in
both x and y; W, is symmetric in v but antisvmmetric with resoect to x: ¢, is
symmetric in x but antisymmetric in v: and ¢, is antisymmetric with respect tro

both x and v. Acsumed so...ions which satisfy these requirements are:

W, = Afl - x* - m’y?) (3.1)

C1=(1*X2

- myY) YA, + A+ Agy?) (3.2)
W, = (1 - X - mgyz) % (by ~ byx> hgy2 + b,ix4 + b4x2y2 + bsy4
(3.3)
+ ngs + b7x4y2 + ngzy’ - bg,yg)

dy= (1 -x -miyH)ix y (Cp+ Cx* + Coyt + Cyxt + Cxy
(3-4)

+

Cay' + Cox® + Cxly? + oyt + .+ O

+

(‘ n ]
Cyx'v? + Cyxly' + Cypxy + Cyyy®)
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Wy = (1 - % - miy))(dg + dp ¢ dyy? + dgxt + dxdy? ¢ dgt (3.5)
"’dsxc < dxy? + dgx’y* - dgy® + dyox® + dyxy? + dypx'y?
v Ay’ - dyy® ¢ digx!® ¢ dyexyt < dpxdyt ¢ dyexy®
+ dig’y?  dyy'® ¢ dyyx? ¢ dypx!%y? + dpax®yt - dyyx’y®
~dasX'y® © dper?y'® + dyiy™ ¢ dygx™ - dpex'ly ¢ dgyx!0y!

6 [
- dnxg}' + d:;zxs}'s - d33x‘y‘° * dsxsz’]z - df;s."“)

The coefficients of the polynomial terms in these solutions will be found by

substituting them int» the governing differential equations and y matching the

coefficients,
Partially differentiating equation (3.1) substituting into equation (2.10)

and solving for A gives-

C
2(m"’ - 1)

Partial differcatiation of equations (3. 1) through (3.3), substituting
the exprecsions into each of equations (2.38) through (2.42) and equating the
coefficients of like terms reduces the problem to the solution of four sets of
simultaneo:'s equaticns, each invo.ving the constants in the corresponding
assmed solution,

Partially differentiating equations (3.1) and (3.2), substituting into

equation (2.38) and equating the coetficients of like terms yields:
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2,..2
(sm' + 2m® + 1)A, + (-2m? - 2)A; + (-10m? - 2)A, =ﬁﬁ“l- 3.7)
A2 ]
(10m* + 6m}) A, + {105m' + 20m? + 3)A, = - — 1 (3.8)
22
(5m' + 12m? + 15)A, + (20m? + 6)A, = --‘A‘—l’—;‘— (3.9)

Partially differentiating equations (3.1) through (3.3), substit'uting into

equation (2,41) and equating the coefficients of like terms yields:

‘m* = 3)by - 3b; - by = AA. (3.10)

(m® + 10)by -~ by - 10by - b,

1]

AA; - 2AA, (3.11)

3m?, = (6m? + 3)b, - 3b; - 6b; = 3AA, ~ 4AAm® - 6AAm? - 2AA;m?

(3.

(m2 = 21)})3 -~ b4 - 21b6 -i,b-[ = AAO - 2AA1 (3

5m%b, - (3m® - 3)b; - 3b; - 5b; - 3by = AA;m® - AA;m? - 3AA,

(3.

3m’, = (15m® - 3)b; - 3by - 13by = AA;m' - 6AA,m’ - 4AAm’

12)

.13)

14)

(3.15)
(m® - 36)bg + b; = AA, (3.16)

21m’bg -~ (6m® + 21)b; + 6bg = 3AA, (3.17)

10m’h; + (15m® + 10)by « 15b, = 6AA,m®> - 3AA;m’ (3.18)
3m’h, « (28m® + 3)by = 3AA;m' - 2AA;m® (3.19)

Partially differentiating equations (3.1) through {3.4), substituting

into equation (2.39) and equating the coefficients of like terms yields:
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(120m* + 144m? + 120)C, + (-144m? - 240)C, + (-240m? - 144)C,
(3.20)

+ 120C; + 72C, + 120C; = 8A} - 24Ajm? - 32AA,
-4A% - 124,A, + 4Abym® - 2Ab,

480m? + 840)C, - (240m? + 240)C, + (-480m’ - 1680)Cj
(3.21)

(120m?

+

(-240m? - 480)C, - 240C; + 840C. + 240C; + 120C,

+

80A,A; - 48A,am? + 16A% + 48AJm° + 16A} + 4844,

9Ab, + 4Ab, + 4Abym’ - 4Abym?

1

(240m* + 240m%)C, + (840m' + 480m° + 120)C, - 240m’C; (3.22)
+ (-480m? - 240)C, + (-1680m’ - 480)C; + 120C;
+ 240C; ~ 840C, = 240A,A,m° + 16A,Am' = 32404,
- 256A,A,m? - 80Aim® + 144Alm?! - 11243,

+ 192A,A,m° - 48A% - 32A2m? - 4Ab; + 8Abym® - 4Abym’

(120m* + 1008m? + 3024)C, ~ (240m? + 504)C,; + 120C;  (3.23)
+ (~1008m? - 6048)Cq + (-240m’ - 1008)C; - 240C,
+ 3024C,, + 504C,; + 120Cy, = -24A}

24Aim? + 96a,Am° - 48A% - 24Aha? - 72A44,

2Ab; ~ 4Ab, - 2Ab, + 4A ,m® - 4Abym?
(800m* + 1680)C; + (840m' + 1600m” + 840)C, + /*$80m* + 800)C;
(3.24)
- 1680m°Cg + (~1600m® - 1680)C; + (-1680m? - 1600)C,
~1680C, + 840C,, + 800C;, + 840C; = -640AA,;m’
+ 256A,A,m' + 64A,A, + 512A,A,m® + 400A(A, - 832A;A,m’

+ 48AJm® - 144Alm? - 16ATm? + 16A%m* - 4Aby + 8Ab;

+ 8Abym® - 8Abym’ - 4Abym’
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(54m’ + 240m%C, + (3024m* + 1008m? + 120)C, (3.25)
240m°Cy + (-1008m? - 240)Cq + (-6048m” - 1008)C,
120Cy; + 504Cy5 + 3024C,, = 72A2m? - 120A2m$
3844,Am! - 96AAm® - 1924 ,4,m + T6SA A ,m*
480A,A,m? _5524,4,m* - 72ATm* + 244 - 24A2m?

6Ab,  12Abgm’ - 6Ab,m!

(120m’ + 1728m? + 7920)C + (240m? - 864)C; + 120C; (3.26)

* (-1728m’ - 15,840)C,y + (-240m? - 1728) <,
" 240Cy = - 48A0A; - 1AAm’ + 96A% + 48Am?

T 48A4A; - 4Ab; - 2Ab, + 4Abm? - 4Ab;m’

(1680m* + 6048m2)C + {840m? + 3360m? + 3024)C- (3.27)
6 {

840m'c, +

+

-+

+4-

+ (1680m® + 1680)C, + 8400, - 6048m’C,,

* (-3360m? - 6048)C,, + (-1680m? - 3360)C,

- 1680C;; = 336A0A,m? - 272A,A;m" - 96A,A,

- 256A¢A;m® - 144A7m? + 112A%m! - 33644,

* 1088A:A;,m® - 144A7 + 8Ab.m? - RAbg - 4Ab,

- 8Abym’ - 4Ab,m!
(1680m’ + 1680m?)C; + (3024m’ + 3360m° + 840)C,

(3.28)

(6048m’ + 1680)C, - 1680m“C,; + (-3360m? - 1680)C,,
(~-6048m” - 3360)C,, - 6048C;; = 560404 ,m"
144A0Am° + 64A,A,m? - 7680, - 1280A A ,m?
18724/A;,m" - 16ATm* - 96A%m® + 4sal 48AIm?

12ADy + 12Abgm’ - 12Ab;m? - 6Abym!
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+

120m'c,

+ 16Abym? - 8Abgan®

(864m® + 240m¢)Cy + (7920m* + 1728m’ + 120)C,  (3.29)
240mCyy + (-1128m? - 240)Cyy + (-15,840m? - 1728)Cy,
176A,Am® + 80A,A,m® + 160A,A,m' - 5124,4,m®

6244 A,m* + 5128,A,m° + 64Aim® - 112aim? + 352A%m*

N e 1A bR st

(120m* + 2840m? + 17,160)Cyy + (240m° + 1320)Cyy (3.30)

(2880m

3024m’C,, +

o

+

840m’cC

-120m'c,,

-+

+

- 4Ab6m2

oy

+

pN

120Cy, = -80A% - 24A%m? - 1244, - 2Ab,

15,840m?) C,; + (840m’ + 5760m’ + 7920)Cy, (3.31)
(1680m® + 2880)C,, + 840C;; = 96A’m? - 128A%m*

48A.A, - 448A,A,m? + 48A5 - 4Ab; - 8Ab;m?

- 4Abgm’
(3528m* + 6048m?)C,; + (3024ra' + 7056m? + 3024)Cy,
(3.32)
(6048m? + 3528)Cy; + 3024C, = 192AIm' - 24AIm°¢
6724 A,m” - 1320A;A,m’ - 72a3 - 24AIm? - 6Ab,
. 124bgm® - 6Ab;m’
(2880m’ + 1680m?)Cy, + (7920m? + 5760m’ + 840)C 4
, (3.33)
(15,840m® + 2880)Cy; = 16Am® + 80AZm?®
880A Aym! - 1024AA,m® + 16A3m® - 352k
16Ab,m’ - 8Abym’
(1320m! + 240m?)Cyy + (17,160m* + 2640m? + 120)Cy,
(3.34)

Bt Wy By st B

256A;A,m® - 140A,A,m® + 88Am*! - 280AZm°®

20A%m® - 10Ab,m*

IO
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CTartially diffgrentiating equations (3. 1) through (3. 5), substituting into

equation (2,42) and equating “he coefficients of like terms yielda:

(-2m* - 2)d, + 2d, + 2dy = Agh, (3.35)

(-2m? - 12)d; - 24, + 12¢, + 24, = ~2ACy + 3Agby - 5Agby + Ay
(3.36)

(-2m?)d; + (-12m? - 2)dy + 24y + 12d5 = 2ACym? -~ 7Abym?
(3.37)
+ Aobz + 3A2b0
(-2m® - 30)d, - 24, + 30dg + 2d; = -2AC; + 4AC, + SAgb, (3.38)
- llAle + 7Aob0 + 3A1b1 - 5A1bg
(-12m¥dy + (-12m? 12)d; -~ 12d; + 12d, + 12d, = -6AC, (3.39)
+ 6ACIM® + 3A¢h, - 5Agb, - 21Agbim? + 184 bym?
= 3Aiby - 3a:bgm’ + 9Asby - 15A,h, + 8A,by
(~2m%)d; + (-30m’ - 2jq, + 2dg + 30dy = 2AC,m’ - 4AC,m* (3.40)
+ Agbs - TAgbym? + 11Abymt + SAsby - 13A,bym?
(-2ra® - 56)dg ~ 2d, + 56dy + 2diy = 4AC, - 2AC, - 2AC, (3.41)
+ 7AOb6 - 17A0b3 + 13A0b1 nd 3A0b0 + 5A1b3 - 11A1b1
+ 7A1b0
(-30m?)dg + (~12m? -30}d; - 12dy + 30d;, + 12d., = 12AC, - 6AC,
(3.42)
- 8AC? - 2ACm? 4+ 10AC,m? + 5Agby - 3A b,

= 35A¢bym® - 9 Agby - 11Agbym? + 46A¢bym?® - Ab,

+ 15A¢by - 17Aibim® + 10A,bym? + 15A,b, - 33A,b; + 21A,h,

YR s 31 bn o
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(-12m%)d; + (-30m? - 12)dg - 30d, + 12d;, + 30d;; = BAC,m? (3.43)

- 10AC5 + 6ACm® - 12AC;m* + 2ACym* + 3Ab,

+

11Ajbs - 21Agbym? + 33Agbym® - 13A,bym* + 2A,b,m?
- TAgbs + 9A;bym? + 3A;bym? + 9A,b, ~ 7A,b, ~ 39A,bm?
+ 38A,bym’
(-2m¥)d; + (-56m? - 2)dy + 2d,; + 56dy, = 2AC,;m® - 4AC,m? (3.44)
+ 2ACqm® + Agby + 11Agbym' - 5A,bym® - 74 bsm?
+ 3Asb5 - 13A,bym? + 17A,bym*
(-2m? - 90)dy - 2d;; + 90d;; + 2d;g = 4AC, - 2AC, - 2AC; (3.45)
- 23Aghg + 19A¢by - 5A¢b; + TAibg - 17Aby + 134 by
- 3A1b,
(-56m’)dyy + (-12m? - 56)dy; - 12d;, + 56d;, + 12dy; = 12AC,
(3.46)
- 6AC; - 16ACym® + 2AC;m’ - 6AC, + 14AC;m’
- 25Agbym® - 9Agh; - 49A4bgm® - 3Agh, + 5Agby
+ T4Agbgm® + Ajb; + 9A b, - 31A;bm? - 21Ab,
- TAbym? + 38Asdan® + 21Ab - 51Ab; + 39A,by - 9A,b,
(-30m®)dy; + (-30m? - 30)dy, - 30d;; + 30d;; + 30dy; = 20AC;
(3.47)
- 10ACg - 10AC,m? + 10AC;m* + 10AC,m?
- 20AC.m* + BAgbg - 35Agb;m® - 25A4b; + 5A,bym?
+ 55Acbym? - 35A¢h,m* + 30Agbym? - 5A by + 35A,b;
~ 5Aibym¢ + 25A;bym’ - 5A.bym? - 30A;b,m? + 15A,b,

- 25A2b4 - 65A2b3m2 + 5A2b2 - 25A2b0m2 + 90A2b1m2

o etV S Y MR e A A0 T B 3 2 e
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(-12m2%dy, + (-56m? - 12)dyy - 56d;, + 12dyg + 56d,, = 16ACym?

‘ (3.48)
- 14AC, - 2aCm* + 6ACem’ - 12ACm! + 6AC,m*

* 194ghy - 21Agbsm’ + 33A0bm’ - 5A0,m! - 15A b;m®
- 1sAghsm® - 11A.by + 21A,bym? - 9Abym! - A bym$

SAsbg + Agb; - 39A,bym® + 51A,b;m - 25.,bym’

+

22A,b,m®

+

+

(-90m® - 2)d;, + 2d,, + 90dy = 2ACym? - 4AC,m!
(3.49)

+

2AC;m°® - TAghym® + 11Abym’ - 5Agb,m® + 3A,b,

134;b5m® + 174,0,m’ - 7A,bym®
(-2m’ - 132)d,; - 2d, - 132dy + 2dpy = 4ACq - 24C,,  (3.50)

- 2AC, = 25A9bg - TAgb; - 23A;bg + 19Ab, - 5a,b,

(-90m?) d;5 + (-12m? - 90)dyg - 12d;; ~ 90dy, + 12y = 12AC.

(3.51)
= 6AC); - 24ACm® - 6AC, « 6AC,m? + 18AC,;m"

t

38gb; = 3Ashy - 39A0bm? + 1024,bym? ~ 3A b-

43Abgm” - 154 ~ 94 b, - 21A;b;m® -+ 66A,b,m?

69A2b6 + 57Asb; ~ 15A,b,

(-56m%)d;, + (-30m* - 56)di; - 30d;5 + 56dy, + 30dy, (3.52)
= ~10AC;; + 20AC; - 8ACm? - 10AC, - 6AC,m°
+18ACm' 4 14aC,m? - 28ACm' - 19A,b,
 13Agbs - Abim 4 TTAbm ' - 574, bm!

" 58Agh:m’® + 29A by - 194,h.m? - 494 b; ¢ 21A bym?
+ 4TAbym' - 274 bm! - 2A1bim? - 43A,b.

- 91Ahgm® © 23A,h; - Agh, - 51Asb;m? ¢ 142A,h,m?

oot R by 3 W £
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(—30m2) dﬂ

+ 85Asbym! - 57A,bym' + 74A,bm? - ;
(-12m%) dyg + (-90m’ - 12)d;y ~ 90dyy ~ 12dy; + 90dyg = -18ACy, &
(3.54) :
+ 24AC,m’ - 6AC;m’ + 6AC;m’ - 12ACem’
+ BACn® + 33A,kem* + 3Agbym’ - 15A¢bm° ;

30Agbym? + 33A;hym’ - 28A;byn' - 34;bym®

28

(-58m? - 30)d;y - 56d,, + 30dy, + 56dy; (3.53)

4

= ~14ACyy + 28AC, + 8ACym* - 18ACgm®

+ BAC;m' + 10AC;m? - 2CAC;m' + 10AC;m®
- 41Agb, + ?1A.055m2‘+ 55A¢b.m' - 27A.bym?

- 25Agbya® - 14Agbgm® + 55A1by - TAsbgm’

+ 13Abym' ~ 18Abym’ - 11A;b;m® - 7oquf,mﬁ2

~ 17Abg - €5A:b,m? - 11A,b; - 9A,0,m”

. 9A,be - 394.bam® ~ 51d.ban' - 15A,b,m?
2M9 VR 2M1 280

- 21A-hm® ¢ BA,bmt

(-2m?) dy + (~132m? - 2idy, + 2dpg + 132dy; = 2AC;m* (3.

(91
[4]]
—

- 4AC,m' » 2ACan® + 11Abym' - 5A.b;m°

- 13A3b,,m2 + I?Agb;‘\’ﬂl - 7Agb2nlﬁ

(-Zme - 182)dn‘ - 2(’;37 “ l?agdzs ".2d2., = “IAClO - 247 8 (3. 56)

- 9A,b, - 25Abs - TAD,

.. 9
(-132m") dy,;

2 -] 1 El 1 t
(=12m° = 3% e = 1200 - 1832da, - 1 Ay (L0
o ]2[\(‘“ - 3:.\(',”(1: (“1,\.1.\“ ! 1“.‘\.(‘,&'4" ‘ ."\(\h.‘
~ :‘ bl ¥ + " N
- 2A hym - Y b, S b ok b

' 7-‘)1\ :‘b“ - 2]-’\ :l:‘;
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(-90m?)dyy + (-30m? - 90)dgy - 30dy; + 90dyg + 20dy  (3.58)
= 20AC;, - 16ACym? - 10ACg - 2ACym?

+ 26AC;m* ~ 36AT;gm' + 11Aby - 23A,bym?

- T9Asbgm’ - 43A;by + 21A.bs + TAhym? .

+ 69A bgn' ~ 49A,bym! + 26A,b;m? + 41A,b;

TAsby - T7A,bym? + 194A,bem?

(~-56m%) dyy + (-36m> - 58)dyy - 36dy; + 56dy, + 56d,, (3.59)

i}

28AC,; - 14AC, - 14ACym’ + 14AC;m’

28AC,;m' + 14ACem® + 214by + TAgbgm®

]

49A,b-m’ - 235A.bgm® - 77Aby + 49A bym®

2

35A:bm?! - 7A;bym’ - 21A,bym® - 424 bym®

+

+ TAsbg + TAsbs - 35A,b,;m? + 119A,bgra*
- 91A,b,m* + 126A,b;m?
(-30m%) dy, + (-90m’ - 30)dys - 90dpg + 30dy, + 90d5; = 36AC,, (3.60)
+ 16ACyym’ - 26ACym® + 2ACgm' - 204C;m*
+ 10ACm® + 37Agbym? - 19A bym* - 254 b;m® + Abym?
+ 35A1b5m4 - 7Abym® - 110A,bym? - S7A,by + TAsbsm?
+ 85A.bym’ - 49A,b;m! - 35A,0,m® + 584,b;m®
(-12m%) dps + (-132m% - 12)dyg ~ 132ay; + 12dy, + 1324y (3.61)

32AC,;m? - 10ACym* - 12AC,;m* + 6ACym®

H

+

11Agbgm* - 15A4bgm® - 33A,b;m* + 7A bym®

+

51A,bpm? - TA,ksm? - 214,bm® - 10A,bym?

e IR O O U S S
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(-2m%)dyg + (-182m® - 2)dy; + 2dy, + 182dy5 = 17A,bym*

- 5Agbym® - 7A,bm® + 2ACm® - 4AC;m*
5 9 4

(-Zmz - 240)d23 - Zdzg = -9A1h6 - ?.ACm

+

(-132m% 1 dyy

+

+

5A1b; - 49A,bgm’ - 27A,0,

(-30m? - 132)dy, -30dy; = 2AC,;;m’ - 10AC,

34AC;m' +

19A,by - 7A.baa® - 71A bgm?
8 | 1Y

13A,b; - 103A,bgm?

(-90m% &y + (-56m® - 20)dy; - 56dyy = -14AC;; - 19AC,m>

+ 22ACym’ + 184C;;m® + 33A by + 354,bym?

+ Agbg - 29A;b;m* - 31A,bgm® - 614,b;m?

- 125A,bym?

-+

4

4 9A gbsm 6

(-30m?)d,, + (-132m’

(-12m%) dy,

(-2m?) dy,

+

+

4

2AC,ym’
3A {bym®
(-182m”
6ACym°

(~240m?

+

10ACpm' + 14AC,;m® + 77A;bym® + 13Abym’

17A;b;m® + 15A,b, ~ 19A,bgm® - 83A,b;m’

30)d;; - 132d,, = -34AC,,;m’
10ACyom® + 55A bym*

23A,bgm? - 41A,b;m' - 35A,b;m®
12)dyy - 182dy5 = -14AC;m*
11Abgm® + Ajbym? - 21A,bym®

2)dg; = 2ACym® - 7A,bym®

(3.

(3.
(-182m?)dyg + (-12m? - 182)dyy - 12d;, = 14AC;ym® - GAC.; (3.

(3.

£3,

(-90m? - 56)dy - 90dy; = -18AC;, - 22ACm® (3.

(3.

(3.

(3.

62)

133)

(=2

1)

65)

66)

67)

68)

69)

70)
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CHAPTER IV
COMPUTER ANALY:IS AND NUMERICAL EXAMPLES

Equationé (3.7) through (3.9) for the first-order approximation of ¥

are written in matrix form aund designated as the W-matrix with the following

nonzero elements:

Wi = 5m' + 2m? + 1 Wy, = -2m? - 2
2.2
: _ 2 _Am
‘V13 = -10m 2 W14 __'12
Wy, = 10m* + 6m? W, 3 = 105m? + 20m® + 3
Alm!
Woem =7

Wy, = 5m* + 12m? + 15

A’m?
12

Wy 5 = 10m® + 6

“734:_

[Wi,1  Wia Wyg) [Ae] [Wi,i]

Wa,1 Wyo Wo 3| AR W, 4

s ’ Sy

W31 Wiy Wi A LW3,4J

W-Mairix

Equations (3,10) through (3.19) for the first-order approximation of

W are written in matrix form and designated as the X-matrix with the following

nonzero elements:

R
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X;;=m?+3 X;p = -3

Xy3=-1 X111 = AAg
Xsp = m? + 10 X5 = 1
X24=-10 : X25=-1

XQ 11 - AA1 - 2AAO

X3, = 3m’ X535 = 6m? + 3
X35=_3 X36=—6
X311 = 3AA; - 2AAm? - 2AAm?

Xyg=m?+ 21 X5 =1

X47=-21 X_lgz'-].

X4 11 = AAO - 2AA1

X5 + = 5m2 X; 5 = 3m2 + b

X5 G = 3 XS 8 = _5

X59 = -3 X511 = AAm? + AAm?® - 3AA,
XG 5 = 3m XGG = 15m2 + 3

Xgg = -3 Xg 10 = -15

X6 "= A/\O}Tl4 + 4AA1Tn4 - 6AA2H’12

Xe7=m? + 36 Xpg =1
Xr 11 = AAy
Xg 1 = 21m? ¥gg = 6m? + 21




Xy 5 = 10m? Xy 4 = 15m? + 10

Xy19 = 15

X199 = 3m

X9 1= GAAzmz - 3AA111‘14

X = 28m? + 3

on 1= 3AA2I“4 - 2AA,ma

’_721,1 Xi,2 Xy,3 . X4, 10 | [ o] —X1,u
§ Xz, 1 by
&
E Xs 1 . . b,
. b
1 b,
: . bs i
by
| - .
{ X1 I STIETT R Y N D STRT!
S L ~JL 1L -
: X-Matrix
k
Equations (3,20) through (3.34) for the second-order approximation of
¢ are written in matrix form and designated as the Y-matrix with the following
nonzero elements:

Y,y = 120m* + 144m® ' 120 Yy, = -144m? - 240
Yy = -240m® - 144 Yy, = 120
Yy =72 Y, = 120




34

Yy 16 = 8A7 - 24A}m? - 32404, - 4A% - 12A,A, + 4Abgm? - 2Ab,

Y2 = 120m? + 480m? + 840 Y, , = 240m? + 240

Yy 4 = -480m? - 1680 Y = -240m® - 480
25

Y2 g = -240 Yz-( = 840

Yz g8 = 2490 Y2 9 ~ 120

Y; 16 = 80AA; ~ 48A0A;m® + 16A] + 48A2m2 + 16A2 + 48A,A,

- 2Ab; + 4Ab, + 4Abym’ - 4Abym?

Yy, = 240m’ + 240m? Yy, = 840m* + 480m? + 120
Yy 4 = -240m? Y35 = -480m* - 240

Y; ¢ = -1680m? - 480 Yy = 120

Yy, = 240 | Yy = 840

Y; 16 = 240A0A;m? + 16AAm' + 32404, - 256A,4,m?
- 80Afm® « 144Alm' - 112A,A, + 192A,A,m? - 48A]

+ 3285m? - 4Ab; + 8Ab,m?® - 4Abym?

Yy, = 120m?! + 1008m? - 3024 Y, = 240m? + 504
Y, = 120 Y, ; = -1008m? - 6048
Y4 = -240m® -1008 Yy, = -240

Y, ; = 3024 Y = 504

Y, gy = 120

Y6 = -24A7 - 24ATm? + 96A,A;m® - 48A} - 24A2m? - 7244,

2Ab; + 4Ab; - 2Aby + 4Abym? - 4Ab;m?

-

UNNE: Ty
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Ys 4 = 800m® + 1680 Y55 = 840m* + 1600m? + 840

Y5 ¢ = 1630m? + 800 ’ Y5‘7 = -1680m? |

Y55 = ~1600m? - 1630 Y54 = -1680m? - 1600

Y5 19 = -1680 Y5, = 840

Y; 43 = 800 Y54, = 840

Y5 16 = 256A,A,m? - 640AGA,ﬁ12 * B64A0A; + 512A0A,m? + 400A,A,"
- 832A:A,m% + 48A%m? - 144A3m* - 164%m?
+ 16AIm?! - 4Ap, + 8Abg + 8Abym? - 8Ab,m? - 4Ab;m*

Y¢y = 120m’ Y¢5 = 504m*  240m?

Ye ¢ = 3024m’ + 1008m? + 120 Yg3 = -240m?

Yy = -1008m? - 240 Yg 19 = -6048m® - 1008

Yg 45 = 120 Y1y = 504

Yg 15 = 3024

<
»
-
o
1

= 72A%m* - 120Aim°® - 384A0Am* - 6AAmM® - 192A,A,m?

* T68A0A,m’ + 480A,A,m” - 552A,4,m’ - 72AIm! + 24}

¢

24Am? - 6Ab, + 12Abym? - 6Ab,m!

Y7 = 120m* + 1728m? + 7920 Y75 = 240m? + 864
Y; = 120 Y74y = -1728m? - 15,849
Y7 = -240m? - 1723 Y7 43 = -240

Yr15 = -48A0A; - 18A)A;m? + 96A ¢ 4gAlny” . 48A,A, + 4Ab;

2Aby + 4Abgm® - 4Abym?

& ST e




 Yauy

Y37 = 168Jm* + 6048m?
Ys, = 1680m® + 1680

-6048m?

-1680m? -3360

Yg 13

,

l
@«
"
L)
{

Yg 3 = 840m?! + 3360m? + 3024
Yg 40 = 840
= -3360m’ - 6048

YB 14 = -1680

Yg ;5 = 306AAM? - 272A,8,m* - 96A,A, - 256A,A,m? - 144A%m>
8.8 031 1 2 2 1

+

1.2A%m" - 336A,4, + 10884,A,m? - 144A% + 8Ab;m?

+ 8Abg - 4Abs - 8Abym? - 4Abym’

= 840m’

&8
|

3024m* + 3360m? + 840

&
©
3

I}

Yy 15 = -1680m?

Yy 14 = -6048m? - 3360

Yy s = 1680m* + 1680m*
Yy 19 = 6048m* + 1680

Yy 13 = -3360m% - 1680

v
©
-
4

[

-6048 -

Yy 16 = 560A0A m* - 144A.Am¢ + 64A\A,m? - 768A,4,m?

- 1280A;A,m’ + 1872A,A,m' - 16A%m' - 96A2m®

+ 48A% + 48AJm® + 12Ab, + 12Abgm? - 12Absm?

- 6Ab4m4

Yy 5 = 120m’
Y910 = 7920m? +1728m2+ 120

Yy 4y = -1728m? - 240

Yipo = 864m' + 240m?
Yo 13 = -240m?

Yy 15 = -15,840m? - 1728

Yio 16 = 176A0A;m® + 30A(A;m® + 160A,4,m* - 5124,4,m°

- 624AA,m' + 512A,A,m° + 64Am® - 112A2m?

+

352A5m* + 16Abym? - 8Abym’




Ll e 2l

513

515

37
i = 120m*+2640m?+ 17,160  Y;; 1 = 240m? + 1320
15 = 120
1= -60A] - 24Aim? - 12A,A, - 2Ab; - 4Abgm?
1 = 2880m? + 15,840m? Yip o = 840m? + 5760m? + 7920
13 = 1680m® + 2880 Yy 44 = 840
16 = 96AIm? - 128A%m* + 48A,A, - 448A,A,m” + 48A% - 4Ab,

8Ab; - 4Abgm’

= 3024m’? = 3528m! + 6048m?

—
jord

\
—
=
—
)

I

5 13 = 3024m* +7056m?+ 3024 Y3, = 6048m? + 3528

15 = 3024

6= 1928%m* - 24A’m® + 6724,A,m? - 1320A,A,m* - 72A}
- 24AJm? - 6Ab, - .2Abym® - 6Abyn’

12 = 840m’ Yy g3 = 2680m’ + 1680m’

11 = 7920m* + 5760m?2+ 840 Y5 15 = 15,840m° + 2880

6= 16A2m® + 80AIm® + 280A,A,m' - 1024A.A,m® - 16A}m’
- 352AIm' - 16Abym’ - 8Abym'
= 120m’ Y5 44 = 1320m' + 240m°
= 17,160m? + 2640m? + 120

5 16 = 256AA,m® - 1404,A,m® + 38A3m! - 280A}m® - 20A'm®

- 10Abym*

BN o
Gk BN Vel




o -
I -~ . ) . :
S ~ - ? ~ ~
- -~ - - -
~ - "
PRV H - ~
- .
. D .
- ~
- N ~
w0 : A . R } - -
OF NI AR N 9 v e W L L e - enl e e ~ . . e N B L -~ .
~ . l

~

38 : | S

. T WV RNET N § L Y

Y-Matrix

Equations (3.35) through (3.790) for the second-order approximation of

W are written in matrix form and designated as the Z-matrix with the following

nonzero elements:
Z,, = -2m® - 2 Zyo =2 :

Zl 37 2 21 371 = Aobo ‘

b g—




Zzz = -2m2

- 12 223="2
Zyy = 12 Zy5 = 2

Zz 37 = -2ACO + 3Aob1 ‘- 5.A0bo + A1bo

Zg 5 = -2m? Zyy = -12m? - 2

Zys= 2 Zyg = 12 L

Zy 31 = 2ACqm? - TAgbym? + Agb, + 3A,h,

Z;4 = -2m® -30 Zys = -2

Zy .= 30 Zyg= 2

Z4 37 = 4ACO - 2AC1 - 5A0b3 - 11A0b1 + 7A0b0 + 3A1b1 - 5A1b0

N
w
e

= -12m? Zys = -12m? - 12
Zsg = -12 Zs; = 12 |
Zsg = 12
. /:j
Zs 37 = 6ACM® + 3Agh, - 6AC, - 5Agb; - 21Ajbym? + 18Ajbym? ;
- 3A1by - BAby? + 9Asb, - 15A,b; + 8A b,
Zgs = -2m’ Zgg = -30m°® - 2
¥
Zgy = 2 Zg 10 = 30
Zggr = 2ACm’ - 4ACm' + Agb; - TAgbym? + 11Agbgm’ + 3A,b,
- 13A,bym?
Zyq = ~2m? - 56 Zq g = -2 .
Zr11 = 56 Zrip = 2 : !‘
Zryr = 4ACy - 2AC; - 2AC) + TAgdg - 17Agh, + 13A,b - 3A by e

+

5A1B3 - 11A1b1 k 7A1b0

SRR S AR AN s

e e —
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N
©
Y

i

= 12AC, - 6AC, - 8AC;m? - 2AC;m® + 10AC,m? + 3Ab,

= -30m? Zgg = -12m® - 30
-12 Zg 1z = 30 §
= 12

3A¢by - 35Abym? - 9A.b, - 11A,bym? + 46Ahym’
Ajby + 15A:b, - 17A;bym® + 10A;bym? + 15A,b,

33A2b1 + 21A2b0

= -12m° Zyy = -30ra = 12
= -30 29 13 = 12
= 30

; = BAC,n? - 10AC; + 6AC;m” - 12AC;m* + 2AC.m* + 3Ab,

11A0b: - 21A;bm? + 33A.bym? - 13Ajbym? + 2A,b,m’

7 Abs + 9Abym® + 2A bym' + 9Asby - TA,b. - 39A,b,m?

+ 28A,bym?
Zygo = =2m° o = -56m? - 2
199 = ~—em <10 19 = -otm” -
Zygy = 2 Zyp g5 = 56

S~ . .
Zyg 37 = 28Cgm® - AT, m' + 2ACm® + Agby + 11Agb,m? - 5Ajbym®

- TAghym?® + 3A,by - 13A,h,m* 4 17A,0,m’

Zyy 41 = -2m® - 90 Zig o = -2
Zig 15 = 90 i =2
Z“ 57 = 4AC3 - ZACG - 2AC1 - 23&“\(\b5 + 19A0b3 - 5A0b1 + 7A1b6

17A,b, + 13A;b; - 3A;b,




!

Zyy 1
Ziy 13
Zys 18

Zyy 31

Zi3 12
23 4
Zy3 19

Zyy 37

VATRT
211 15
Z14 2

Z14 37

41

-56m2 le 192 = -12m2 - 56
-12 Z,z 17 = 56
12

12AC, - 6AC; ~ 16ACym’ + 2AC;m? - 6AC, + 14ACgm*
25Acbym* - 9Ab; - 49Asbgm® - 3Agb, + 5A4b,
T4Acbym® + Ajb; + 9Ab, - 31A;b;m® - 21A;b,

TAthom® + 38A1bym’ + 21A)bg - 51Asbg + 39,0, - SA,by

-30m? Zi3 13 = -30m? - 30
-30 213 18 = 30
30

20AC; - 10AC; - 10AC,m’ + 10ACm* + 10AC;m?
20ACqm* + 5Aghy - 35Agbym® - 25A.b; + 5A.bm’
55A05m* - 35Agbm? + 30Agbym? - 5A,b, + 35A bs
5A1bm’ + 25Abm! - 5Abym? - 30A,b,m? + 15A,b;

25Asby = 65Asbym? + 5Ajb, - 25A,bym® + 90A,b;m>

-12m? Zyy 4 = -56m? - 12
- =56 Z“ 19 ~ 12
56

* 16ACqn’ - 14AC, - ZAC,m* + 6ACym?® - 12ACym*

6AC;m® = 19A,h, - 21Agbym? + 3A.bm’ - 5A ¢bym*
15A¢bm® - 14A.bgm? - 11A4by + 21A bym? - 9A ;b,m"*

AlbomG + 9A2b8 + A2b5 - 39A2b4mz 51A2b1m4

23A,bym? + 22A2b2m2
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Zys5 14
Zys 9y

Zy5 57

Zyg 16
Zyg 2

Zyg 37

247 1¢
Zy7 18
Zy7 94

Zyg 37

Zg 17
Zig 19
248 25

Z1g 31

-21!1z 215 15 = "901!12 -2

Ny

Zy59 = 90
2ACym? - 4ACim* + 2AC,m® - TA¢bym® + 11A,bgm?

5Agbym® + 34;by - 13A,bsm? + 17A,bym® - 7A,bym®

-2m? - 132 Zigyp = =2
132 le 23 = 2
4ACq - 2ACyy - 2AC; + 25Agbg - TAgb, - 23A,bg

19A by - 5A;b,

= -90m? Zyp ¢ = -12m? - 90
-12 Z” 23 = 90
. 12

12ACq - 6ACy; - 24ACem’ - 6AT, + 6AC;m? + 18AC,ym?
3Agby + BAghy - 39Agbym® + 102Azbgm?® + 3Asb; - 45A,bem?

15A1by + 9Asby - 21A;bm® + 66Aibym? - 69A,bg + 57Asb,

15A,b,

~56m? Zig 13 = -30m® - 56
-30 Zig g = 56

30

20ACy - 10ACy, - BACym® - 10AC; - 6AC;m® + 18ACgm*

- 14AC;m® - 28ACem' - 19A¢b + 13A.bg - 9A,b,m?

TTAgbgm? - 57Asbsm! + 58A,b;m? + 294 b. - 19A bom?
oMg oM3 oMT7 1Mg 18T

49A1hs + 21A1bym? + 47Abym?* - 27A;bm* - 2A ,b;m?
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Zyg 13
Ziy 5
Zyg 5

Zyy 3

43

43Asby - 91A.bgm? + 23A,b - Agb, - 51A;bym® + 1424,byr?

-30m? Ziy 19 = -56m? -30
-56 219 25 = 30
56

28ACy - 14ACy; + 8AC,m® - 18AC,m? + 6AC,m*
10AC;m® - 20AC;m? + 10AC;m® - 41A,by + 21A4b,m?
55A¢bim? - 27Agb;m* - 25A,b.m® + 14A¢bgm’ + 554,b,
TAsbgm® - 13Apm* - 15A,b,m’ - 11Abm® - 70Abgm?
17Asby - 65A,bym® - 11A,b; - 9A,b,m? + 85A,b,m?

57A2b1m4 - 74A 2b4m2

-12m? Zyg og = -90m? - 12
"90 220 28 = 12

= 90

24ACym® - 18AC,, - 6AC;m' + 6AC;;m® - 12AC;m’
6ACm® + 35Acbgm' + 34,bam? - 15A0b;m® - 30A,bym?
33A1bym? + 28Ab;m?' + 3A,bym® + 9Asbg ~ 39A,bem?

51A,bm* - 15A,b,m! - 21Abm® + 6A,bum?
-2m? Zy1 9y = -132m? - 2
2 221 2 - 132

2ACym? - 4ACm' + 2AC,m® - 11Aghym* - 5A,bm®

13Asbgm® + 17Absm - 7A,b,m®

-2m? - 182 Zgy 93 = =2

Rl St s o1 b st st s

S et e
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Zy 3
Zp g1
Zy3 9
Zyg 4

Zyg 31

Zog 37

Zyy 93

Zyy 25

Zyg g -

Zyy 37

= 4AC10 - 2ACG - ngbs + 25A1b6 - 7A1b3

182 Zog g0 = 2

-132m? Zog 93 = -12m? - 132
=12 22330 = 132
12

12ACy; - 32AC;;m? - 6AC; + 10ACem? + Agb; - 53Agbgm’

9A1b"' + 7A1b4 - 35A1b3m2 + 94A1b6m2 + 75A2b6 - 2]A2b3 ,

-90m? Zog 9y = -30m® - 90 ;
-30 Zpy 3 = 90 %
30 ?
20AC), - 16AC;;m’ - 10AC; - 2AC;m® + 26ACem’ ’

36AC;ym' + 11A¢b; - 23Agb;m? - 7T9Asbgm* - 43A,by
21Abs + TAb;m® + 69A;bgm’ - 49A bym! - 26A b;m’

41A.b, - TA,by - TTAshby;m? + 194A,bgn?

. -56m’ Zos 25 = -56m® - 56
-56 Zos g0 = 58
56

28AC,, - 14AC, - 14ACgm? + 14AC;m' - 28AC;m*
14ACgm® + 21Agb, + TAgbgm® - 49Asbm? - 354 bem®
77A\by + 49Absm® + 35Ab;m' - 7Abm? - 21Abym®
42Abgm? + TAshy + TA,bs - 35A,bym® + 119A,bem’

91A,bym* + 126A,b,m?

AU 55
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Zyg 25
Zyg 21
Zog 34

Zyg 31

Zy7 3

Zy7 9

Zyg 27
Zyg 35

Zog 37

Zag 99

Zyy a7

Zg) 99 *

Zyp 34

Zgg 37 -

= -2m? - 240

9

-30m” Zog 36 = -90m? - 30
=90 Zzg 33 = 30
90

36ACy, + 16ACym? - 26ACym? + 2ACgm* - 20ACy,m*
10ACm"® + 37Asbym? - 19Agbsm" - 25Abym® + Asbgm*
35A1bgm® - 7Abym® - 110A,bym® - 27A,b, + 7A,bem?

85Asbym* - 49A,bym? - 35A,b;m® +584,bym?

- ~12m’ Zyg 97 = -132m? - 12
-132 Zop gy = 12
132

32ACym® - 10ACym! - 12AC;m* + 6ACm® + 11Absm?
15Agbgm® ~ 33A;bym’ + 7A;bsm® + 51A,bsm* - A bem?
21A,b;m® - 10A,bym?

2

-2m Zyggg = -182m? - 2

= 17A0m* - 5A¢bm° - TA)bym® + 2aC,m® - 4ACym*

Zyg 30 = -2
-9Asbg - 2ACy,
-182m" Zgo 30 = -12m? - 182

= -12

14ACqgm® - 6ACy; + 5A;by - 49Abgn? - 27A,bg

45
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Z31 30
Zg1

Zgy 37

Zgy 3
Z3) 33

Zg 37

Z33 32
Z3g 34

Z33 31

Zgy 33

234 35

L3y 37

Zgs 34
Zg5 36

Zgs 31

-132m? Zyy 31 = -30m? - 132

=30

2AC;m? - 10ACy, + 34AC;m' + 19A,b; - 7A;bym®

71Abgm* - 13A,b; - 103A,bm?

-90m? Zsy 32 = -56m? - 90
-56

22ACym? - 14ACy; - 10AC;;m” + 18AC,gm® + 33An,

- 35A:bgm’ + Ayby - 29A;b;m? - 31A.bgmé - 61A,b;m’

125A,bm*

-56m? Zgy 33 = -90m? - 56

-50

10ACy;m* - 18ACy, - 22ACim° + 14ACy.n® + 77Abym?
13A;bgm" - 17Ab;m® + "5A,bg - 15A,bum? - 83A,b;m*

49A,bem

-30m? Zog 54 = =132m? - 70
-~132
10AC,;m® - 34ACym? - 2AC;;m? + S5Abgm? - 3A,bym®

23Abgm? - 41A,bgm* - 35A,bym°
-12m Zgs 35 = -182m° 17

-182

: 6AC;ym® - 14AC;m* + 11Abym® + A,bym? - 21 ,b,m®

)
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2

Zyg 35 = -2m Zgg 35 = -240m’ - 2

sz 37 = 2AC“m6 - 7A2b9m6

All elements in the W-, X-, Y-, and Z-matrices which are not other-

wise defined are zero.

The total volume rate of flow through the pipe, QT’ is given by

QT = Woaz(Qo + K@y + K‘Qﬁ , where
1
=1 y—I; 1—X2
Q = 4 f W, dy dx (4.1)
x=0 y=0
-1 FI%IJ 1-x
=4/ [ W, dy dx (4.2)
x=0 y=0
1
x=17m 1-x
Q=4 [ W, dy dx . (4.3)
x=0 y=0

Since the equations are in nondimensional form, the limits in the x-direction
are taken to be from x = 0 to x = 1 and the limits in the y-direction are from
v = 0 to the boundary of the cross section.

From equation (3.3) it is noted that W, is a function odd in x and even
in y integrated over an area symmetric about the origin. Therefore, Q; = 0
and the first approximation of W have no effect on the flow rate.

Since Q; = 0, the equation for the total rate of flow through the pipe is

reduced ‘7:

IR IR VI P e

p2

\i.
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Qp = Wea’[Q - QK’)

The product Q,W,a® is the rate of flow through a straight pive. Therefore, the

total flow rate is expressed as:

Q .2
Q.. = QW |1 - 22K . (4.4)
1 oWy 2

The bracketed terms represent the reduction in flow rate due to the curvature -

of the pipe and are designated as:

F
Cc _ 1 Q. K?
.i‘:. = P e
s QO
where Fc/ F_ is the ratio of the flux through a curved pipe to the flux through a
straight pipe, both having the same cross sectioz, length and inlet pressure.
Equations (3.1) and (3.5) are even in both x and y, and to simplify

integration are written as follows:

Wy = A - Ax® - Am%y’ (4.6)

Wy = dy + (dy - d)x* + (dy - dgmP)y? + (dy - dpx* + (d; - dy - dym?)x’y
(4.7

+ (ds - dm?)y? + (dg - dp)x® + (d; - d; - Amd)xty?

+ (dg - dg - dm?)x%y* + (dy - dgm?)y® + (dyy - dg)x°

+

(dyy - dy = dgm?)x%y® + (dpy - dy - dmP)xYy* + (dyy - dy - dym?)x’yS

+

+ (dyg - dyp - dym?) Xyt + (dyg - dyy - dppm?)xYyS

(dyy

dym?)y® + (dy5 - dy)x'0 + (dyg ~ dyy - dym?)xBy?

’ (4.5) :

oo s i e s

P

s BTSSP L AP

e e,
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+ (dyg ~ dyy - dygm )Xy + (dyy - dyym?)y!® + (dy - dyg)x™

+ (dy ~ dyg - dym?)x'%? + (dpg - dyy ~ dygm?)xty?

+ {du ~- dm d”mz) Xey6 + (d25 - d19 - dmmz)x4y8
+ (dgg = dyy = digm?) Ry + (dyy - dyem¥y' + (dyg - dyy)

12
+ (d29 = d22 = d?lmz)x Y2 + (dao - d23 - dzzmz)xmy“

+ (dgy = dyy ~ doym*)Py® + (dyp - dpy - dpym?)xy’

+ (dgg - dog ~ dom¥) X'y + (dgy - dyy - dygm®)xPy'2 + (dys - dyymyH!

x12 1

+ (=0ggX'®) + (<dyy - Gpgm) X'y + (-dyy - dygm®)xy

+ (=dgy - dggmhx%® + (~dgy - dymx®y® + (~dg; - dgm?)x¥y

+ (‘d34 - d33m2)x4y12 + (-d35 - d34IT.9)X2y“ + (-d35m2) }’16

The integrated portion of each term of equations (4.6) and (4.7) is represented

by:
S 2
x=1 ¥° N1-x
4 f f X yJ dy dx ,
x=0 y=0

where the proper iand j are taken from the term being integrated. Integration

with respect to y simplifies this expression to:

i+1

1
4 i o 2
_._..____jrl..fx(l-x‘) dx
(j+1)m 0

The evaluation of Q) and Q, is reduced to the evaiuation of this expression for

each term in the equations, multiplying it by the corresponding coustant and
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summiug the values obtained for each term in the equation.
A computer program was written for the Freceding W-, X-, Y-, and

Z-matrices and the double integration of the solutions. The following 20 cases

are presenten):

Case 1 = 0,1 C =202
F
’17“22 1 - 0.785935 X 10-9K?
S
7 2
Q, =¥ 17 6. 785985 x 10-9K?)
T 0.2
Case 2 m = 0.2 €=208
F
—F.C_= 1 - 0.140091 X 10-"g?
S
7 o2
= IV (1 | 0.140091 x 1077K?)
T 0.4
Case 3 m = 0.3 C=218
F
~F° =1 - 0.623529 X 10-"K>
S
2
Qp =% 11 - 0.623529 x 10-1g2)
T
0.6
F-\
7= 1 - 0.136545 x 10~8g?
S
7l
o =™ 1sen 10-°K 7]

.8

[ERRET I EROT S
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Case § m= 0.5 C = 2.50

e el e ot o A et A A . o B

F
: —I;E: 1 - 0.194319 X 10-8k2
S

Q.. = "Wya?[1 - 0.19431y X 107%k?]

T
Case 6 m = 0.6 C =272
F
i —i,-c—z 1 - 0.209387 X 107K?
: 8
| TWa’ 6 -2
Q. =" 11 - 0.209387 X 1076.:2]
T 1.2
Case 7 m= 0.7 C =2.98
F
—F3= 1 - 0.188178 % 10-°K?
S
Q. = Wy’ [1 - 0.188178 X 1078k?
T 1.4 '
Case 8 4 m = C.8 C = 3.28
F
-FE =1 - 0.150800 X 107°K?
= : S
&
2
Q. =W 15 (.150800 x 107°K?]
T 1.6
Case 9 m=20.9 C = 3.62
FC
——=1 - 0.112857 X 10-%k?
"8
TW,a? By 2
Q.. = [1 - 0.112857 X 1070K?]
I 1.8




Case 11

Case 12

Case 13

gase 14

Case 10

Q

Q

Q

T

T

T

T

&
3

F
.
F

]

_ 7rW0a2

F
s

F

(€]

_ 7rWOa2

2.2

F
c

—_=1

F
S

_ W“Xoa?

F
S

Ip

[e]

F o1

)]

7rW0a2

Fc
=1

_ WWJQQ

e e

2.8

m=1,0

= 1 - 0.813396 X 10-"K?2

i1 - 0.813396 X 10-"K?]

=1 - 0.575702 X 10~"k?

[1 - 0.575702 X 10-"K?,

m=1,2

- 0.404917 X 10-"g?

i1 - 0.404917 X 10-"K?]

m=1.3

- 0.284980 X 10-"x?

[1 - 0.284980 X 10~"K?]

m= 1,4

- 0.201481 X 307"K?

[? - 6.201481 X 10-"K?]

C=4.00

C = 4.42

C = 4.88

C =5.38

C =5.92
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F

=1 - 0.143396 X 107 'K?

'f—
8
W ga’ )
Q= [1 - 0.143396 X 107"K?]
Case 16 m=16
F
T": 1 - 0.102846 X 10-'K?
5
: - W\Voaz Tvr2
Qp = [1 - 0.102846 X 10-K?]
Case 17 m= 1.7
F
,—F°-= 1 - 0.743684 X 10-%K?
S
x 2
Q. = TV (3 - 0.743684 X 10-°K%]
T 3.4
Case 18 m =18
F
—F—C: 1 - 0.542271 X 107%K?
S
2
Q= WA (1 - 0.542271 X 1070K?]
Case 19 m= 1.9
F
—F-9 = 1 - 0.398714 X 10-%K?
¢ ;a2
Q. = TNV (1 - 0.398714 X 107%K?]
T 3.8

C =712

C =178

C = 8.48

C=9.22
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Case 20 m =20 C = 10.00
F
= 1 - 0.295576 X 10-°K?
S
Wopa? )
Q. = [1 - 0.295576 X 10-8K?)
T
§ " ttuting equation (4.6) into (4.1) and integrating yields:
7TW03.2C
Q = P T (4.8)

which is the rate of flow through a straight pipe with an elliptical cross section
forany C > 0Oandm > 0.

The computer program solves the problem for any C > 0 ,. but for the
examples presented C = 2(m? + 1) by choice. If m = 1; ¢ = 4, which is the

value of C taken by Dean for kis solution and equation (4.8) reduces to:
7TV\7032

Q =—X (4.9)
2m

R TaT YRS




CHAPTER V

DISCUSSION

After formulation of the present theory, a digital computer program was
written to obtain the required solutions. The program is in Appendix A. To

get the rate of'flow through a pipe with a small curvature and an elliptical

eTOSS séction requires the following fnput data: (1) the value of C for the f'uid,
(2) thé value of m for the elliptical cross section, and (3) the value of K
(Dean's number).

Twenty cases were consideced for C = 2(m*> + 1), m = 0.1, 0.2,
y 0.3, ..., 2.0, The solutions were expressed in terms of K and the nondimen-
sionalization censtants W and a. Tne results for these cases are presented in
Chapter IV and Appendix B.

The graphs in this section are plotted for the cases C = 2{m? + 1) and
m = 0.5, 1.0, and 1.5. The cross section of a pipe is shown in Figure 3 for
each value of m.

A. Streamlines in the Cross Sectional Plane of the Pipe
and the Vorticity Centers of the Secondary Flow

The first-order approximation of the streamlines, §; = constant, was

plotted by Thomas and Walters [1964] for a pipe with an elliptical cross section.

The second-order approximation of the streamlines, ¥, = constant, has not




Figure 3. Cross Section of Pipe at m = 0.5, 1.0, 1.5
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previously be;n plotted for a pipe with an elliptical cross section. The centers
of secondary flow were presented by Dean [1927] for a pipe with a circular
cross section. The following is an extension of the existing datba and is in
complete agreement with it.

1. First-Order Approximation of Streamlines
on the Cross-Sectional Plane of the Pipe

To plot the streamlines, ¢¥; = constant, on a cross section of the pipe

equation (3.2) is expressed as

[Aylx® + [(Ag ~ 2A)y + (2Am® + Ay yYx! (5.1)

[(Ay - 2Ap)y + (2Am? - 2A,.m% - 24,)y°

-+

+

(A1m4 + 2A2m2)y5]x2 - [Aoy + (A2 - 2A0m2)y3

+

(Agm® - 24,mY)y® + Ay’ - %] = 0

Constant vaiues are taken for ¢y and y. This reduces the bracketed terms to
constants resulting in a sixth-degree poiynomial in x with constant coefficients.
The data required for a plot of x versus y with ¥y = constant are calculated hy
subroutine PLOT of the digital compui2r program in Appendix A. These data
are presented in Tables 1, 2, and 3 and piotted in Figures 4, 5, and 6. -
Figures 4, 5, and 6 show, as can be seen from €. 1ation (5.1), that the value
of x is undetermined if y = 0. The streamlines, ¥; = constant, are symmetric
with respect to the ;-axis. Taking the negative value of the constant used to
plot the streamlines in the first and second quadrants resuits in another curve

in the third and fcurtn quadrants. The streamlines plotted for the two constants

e
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Table 1. First-Order Approximation of Streamiines v :
in the Cross Section of the Pipe at m = 0.5 | ' o 3
y X X : _ f ‘
¥y = 5 X 10~ Py= 2 %X 107
1.7 0.2037 -0,2037
1.3 0.5673 -0.5673 | 0.2966 ~0.2966
": 0.9 0.7129 -0.7129 0.4902 -0.4902 Pos
‘ 0.5 0,7551 -0,7551 0.4674 -0,4674
f | 0.1 0.4538  -0.4538
- $y = -5 X 1074 Yy = -2 X 1072
-0.1 -0.4538 0.4538
: -0.5 ~-0,7551 0.7551 ~-0.4674 0.4674 ; 7
-0.9 -0.7129 0.7120'1  -0.4902 0. 4562 ;s '/ '
, 1.3 ~0,5673 0.5673 |  -0.2966 0.2966 !
\ S1L7 [ -0.2037 0.2037
; are symmetric about the x-axis and the origin. The x,y relation is dependent )
i on the parameters C and m. In the cases plotted C = 2(m? + 1} by choice. In ‘
{ L' loose terms, the sireamlines may be thought of as projections of the paths of m
% fluid clements on the cross section of the pipe. The secondary motion is caused
5 by the pipe curvature and represents a loss of energy which retards the primary
f flow through the pipe for a given inlet pressure. i




Table 2, First-Order Approximation of Streamlines

in the Cross Section of the plpe atm = 1.0

v X X

¥y = 1 x 1074 ¥y = 7 % 1074
0.9 0.2175 -0.2175
0.7 0.5905 -0.5905 0.3147 -0.3147
0.5 0.7483 -0.7483 0.5184 -0.5184
0.3 0.8165 -0. 8165 0.5475 -0, 5475
0.1 0.7610 -0.7610

¥y = -1 % 1074 ¥y = -7 X 10~

0

-0.1 -0.7610 0.7610
-0.3 -0. 8165 0.8165 -0. 5475 0.5475
-0.5 -6.7483 0.7483 -0.5184 0.5184
-0.7 -0. 5905 0.5905 -0.3147 0.3147
-0.9 -0,2175 0.2175

2. Seccnd-Order Approximation of Streamlines

on the Cross-Sectional Plane of the Pipe

To plot the streamlines (¥, = constant) on a cruss section of pipe,

equation (3.4) is expressed as

121y 1%’ + [(-2Cyg + Cely + (Cyy + 2miCy) y* 1% + {(Cyy - 2C¢ + Cy)y

(5.2)

+ (-2Cq - 2Cim® + C; + 2m®Cgy® + (Cpp + 2Cyym?

+ mCy) ¥ 1%’ + [(Cy ~ 2C5 + Cpy + (Cyy - 2C; - 2Cm? + C,

AR S
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Tatle 3. First-Order Approximation of Streamlines

in the Cross Section of the Pipe at m = 1.5

y X B
Yy = 5% 107° ¥y = 3 %X 107
0.5 0.1648 -0.1648
0.4 0.2394 ~0.2394 0.4171 -0.4171
0.3 0.3538 -0.3538 0.5073 - ~0.5073
0.2 0.3195 ~0.3195 0.5077 -0.5077
0.1 0.3158 -0.3158
Yy = ~5 X 1077 ¢y = -3 X 10~
0
-0.1 -0.3158 0.3158
-0.2 -0.3195 0.3195 -0.5077 0.5077
-0.3 -0.3538 0.3338 -0.5073 0.5073
-0.4 -0.2394 0. 2594 -0, 4171 0.4171
~0.5 -0.1648 0.1648
+ 2m’Cy)y® - (<204 - 2Cym? 4 Cy v 2mPCq + miCg)y® + (Cyy
£ 2m*Cyy ¢ miC )X’ [(Cy - 2C, + Coly + (C; - 2C4
- 20,m? ¢ Cooo2m®C) Yt (Cy - 2Cg - 2Cmm* ¢ C. - 2miCy
+ m'C.&)yS - {=2Cy - 2C om? Cy 2111?(‘,8 " m4C7)y7 C 0y
! QmQCH ! m"C‘g)y"!x'r’ C[Cy = 20y ¢ (Cp - 2C - % m’
C2amPC Yt ¢ (Cy - 205 - 20mt ¢ 2mic, - wlc) vty - 20

~ 2 20 . i . ’ 7,
2Cgm*" ¢ 2mCy mlic)y’ (-2C =~ 2Cm*° + 24

e Ay
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5 x 1074
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Figure 4. First-Order Approximation of the Streamlines
on the Cross Section of the Pipe at m = 0.5
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Figure 5. TFirst-Order Approximation of the Streamlines
on the Cross Secction of the Pipeatm = 1.0
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Figure 6. First-Order Approximation of the Sireamtine .
on the Cross Section of the Pipe at m = 1.7




+ miCyy® + (2m*Cy + m'Cy) ¥ + [Coy + (C; - 2Cmh)y

+ (Cs - 2Cym® + mCy)y® + (Cy - 2C;m® + Cymt)y" + (Cyq

- 2C,m’® + m'C;) y® * (-2C4m? + miCyy!t + m'Cyy®ix - ¥, = 0

Constant values are taken for ¢, and y. This reduces the bracketed terms to
constants resulting in a thirteenth-degree polynomial in x with constant coeffi-
cients. The data required fox: a plot of x versus y with ¥, = constant are cal-
culated by subroutine PLOT of the digital computer: program in Appendix A.
These data are presented in Tables 4, 5, and 6 and plotted in Figures 7, 8, and
9. Figures 7, ‘8, and 9 show, as can be seen from equation (5.2), that the
value of x is undetermined if y = 0 and the value of y is undetermined if x = 0.
The curves, ¥, = constant, are plotted in the first and third quadrants by taking
a positive constaut for ¢,, and taking a negative value of the same constant pro-
duced the same curves in the second and fourth quadrants. The curves in the
four quandrants are symmetric about the x-axis, y-axis, and the origin. The
X,y relation is dependent on the parameters C and m. In the cases i)lotted

C = 2(m? + 1) by choice. It is clear from Figures 7, 8, aﬁd 9 that the contri-
bution of ¢, to the secondary velocities, U ard V, are the same for each of the

four quadrants.

3. Vorticity Centers of the Secondary Flow

The centers of secondary flow are points in the cross-gectiopnal plane of
the pipe where the secondary velocity vanishes. These points are called

vorticity centers. For the secondary velocity to vanish both components,

S PAE R €
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Table 4. Second-Order Approximétion of Streamlines

in the Cross Section of the Pipe at m = 0,5

y x X
Py = 3 X 107 ¥y = 5 X 10-8
1.7
1.3 0.2427
0.9 0.1902 0.5709 0.0284 0. 7883
0.5 0.1275 0.7250 0.205 0. 8837
0.1 0.4286 0.4286 0.0740 0.8243
0
-0.1 -0.4286 -0.4286 -0.0740 -0.8243
-0.5 -0.1276 -0.7250 ~-0. 0205 -0. 8837
-0.9 -0.1902 -0.5709 -0.0284 -0.7883
-1.3 -0.2427
-1.7
Py = -3 X 10-7 Py = -5 X 1078
1.7
1.3 -0.2427
0.9 ~0.1902 -0.5709 ~0. 0284 -0.7883
.5 -0,1276 -0.7250 -0. 0205 -0. 8837
0.1 -0,4286 -0.4286 ~0.0740 20,8243
0
-0.1 0.4286 0.4286 0.0740 0.8243
-0.5 0.1276 0.7250 0.0205 0.8837
-0.9 0.1902 0.5709 0.0284 0.7883
-1.3 0.2427
-1.7

3 L T e st Rt e e 22§ N oo e
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Table 5. Second-Order Approximation of Streamlines
in the Cross Section of thes Pipe atm = 1.0

y X X
¥y = 5 X 10-8 ¥y = 1% 1077

0.9 0.1998

0.7 0.5778 0.5778 0.1519 0.4633
0.5 0.0387 0.7409 0.0787 0.6787
0.3 0. 0460 0.8164 0.0812 0.7492
0.1 0.0989 0.7576 0.607¢

0
-0.1 -0.0989 -0.7576 - -0. 607G
-0.3 -0. 0400 -0. 8164 -0.0812 -0, 7492
-0.5 -0, 0387 -0.7409 -0.0787 -0.6787
-0.7 -0.5778 -0.5778 -0.1519 -0.4633
-0.9 ~0.1998
Py = -5 X 10-¢ ¥y = -1 %X 1077

0.9 -0.1998

0.7 -0.5778 -0.5778 -0.1519 -0.4633
0.5 -0. 0387 -0.7409 -0.0787 -0. 6787
0.3 -0.0400 -0.8164 -0.0812 -0, 7492
0.1 -0.0989 -0.7576 -0, 6070

0

-0,1 0.0989 0.7576 0.6070
-0.3 0.0400 0.8164 0.0812 0.7492
-0.5 0. 0387 0.7409 0.0787 0.6787
-0.7 0.5778 n.5778 0.1519 0.4633
-0.9 0.1998

O S
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Table 6. Second-Order Approximation of Streamlines
in the Cross Section of the Pipe at m = 1.5

y X X
by = 5 X 1078 Yy = 2 X 1078
0.5 0.2703 0.1056 0.4569
0.4 0.1927 0.4585 0.0678 0.6180
0.3 0.1644 0.5572 0.0517 0.6921
0.2 0.1705 0.5902 0.0356 0.7254
0.1 0.4611 0.4786
0
-0.1 -0.4611 ~0.4786
-0.2 -0,1705 -0.5902 ~0.0356 -0,7254
-0.3 -0.1644 -0.5572 -0.0517 -0.6921
0.4 -0.1927  -0.4585 | -0.0678  -0.6180
-0.5 -0.2703 -0.1056 -0.4569
¥, = -5 X 1078 ¥y = -2 X 1078
0.5 -0.2703 -0.1056 -0.4569
0.4 -0, 1927 -0.4585 -0.0678 -0.6180
0.3 -0. 1644 -0.5572 -0, 0517 ~0.6921
0.2 -0,1705 -0.5902 -0, 0356 -0,7254
0.1 -0.4611 -0.4786
0
-0.1 0.4611 0.4786
-0,2 0.1705 0.5902 0.0356 0.7254
-0.3 0.1644 0.5572 0.0517 0.6921
-0.4 0.1927 0.4585 0.0678 0.6180
-0.5 0.2703 0.1056 0.4569
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Figure 7. Second-Order Approximation of the Streamlines
on the Cross Section of the Pipe at m = 0.5
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Figure 8. Second-Order Approximation of the Streamlines

on the Cruss Section of the Pipe at m
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| U and V, must vanish. Sufficient accuracy for location of the vorticity centers

is retained after the second-order approximation of the stream function is
neglected. Applying equations (2.34) and (2.37), and differentiating equation

(3.2), yields:

v=_ 1% miy?)2xy[(2A, - Aq) + 3A,x° + (Am® + 24,)y?]
9x , : (5.3)

TP m?y?) [Ag + (Ag - Ag)x® + (3A, - 5AMYY?  (5.4)

9y

+ (-Ap)xt + (-5BA;m? - 3A,)x%? + (-TA,m?)y!)

Tuspection of equation (5.3) reveals that V vanishes for all values of y at x= 0.

Sétting U = 0 in equation (5.4) dividing by the boundary conditions and substi-

tuting x = 0 yields:

7TA,m%y* + (5Am? - 3A.)y% - Ag= 0 . (5.5)

Solving equation (5.5) by the quadratic formula and taking the square root of

both sides yields:

(5.6)

3A, - 5Agm? + \/(SAOmZ - 34A,)% + 28AA,m?
‘ 14A,m?

The minus sign on the small radical is removed because it results only in
imaginary values of y, which are not applicable to this problem. The data
required for a plot of m versus y are calculated by the digital computer pro-

-g-ram in Appendix A. These data are presented in Table 7 and plotted in

N




Table 7. Position of the Vorticity Centers of the Secondary Flow

m x y y

0.1} o 3.758 ~~3.798
0.2 | o 1.927 -1.927
0.3 ] o0 1.315 -1.315
0.4 | 9 1.011 -1.011
0.5 o 0.826 -0, 826
0.6 | 0 0.699 -0.699
0.7 o0 0.605 -0.605
0.8 0 0.533 -0.533
0.9 ] o 0.475 -0.475
1.0] o 0.429 -0.429
1.1] o 0.391 ~u. 391
1.2 o 0.359 -0.359
13] o 0.332 -0, 332
1.4 o0 0.308 -0.308
1.5 ] 0 0.288 -0.288
1.6 | 0 0.270 ~0.270
1.7 o0 0.254 -0, 254
1.8 1 0 0.240 -0.240
1.9 o 0.228 -0.228
2.0 © 0.216 -0.216

Figure 10, The curves in Figure 10 are symmetric about the m-axis. The
m,y relation is dependent on the parameters C and m. In the cases plotted
C=2(m?+ 1) by choice, It is evident from Figure 10 that y approaches zero
as m becomes infinite and y approaches infinity as m approaches zero. This is

to be expected because the axis of the ellipse coinciding with the y-axis, B, is

B R AL




y-COORDINATE OF VORTICITY CENTERS

m-VALUE OF CROSS SECTIONAL ELLIPSE
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Figure 10. m Versus the y~-Coordinate of the Vorticily Points at x =0
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determined by the relation B = 1/m and the y coordinate of the vorticity centers
increases with an increase in B. For m- = 1 (circular case) the posifibn of

the vorticity ceunter is the same as that obtained by Dean [1928].

B. Streamlines in the Central Plane

The dimensional differential equation for the streamlines in the central

plane is:

(R = x")de _ dx' . (5.7)

% U

Sufficient accuracy is retained if only the zero-order approximation of W and

the first-order approximation of ¢ are considered. Also, x'is negligible in

comparison with R for small curvatures. At the central plane y = 0, and from
equations (2.24), (2.31), and (2.33) the terms become:
vy »U 5‘:1 vK 2,2 C, =
=il 21 - xh A, - A at y= .
G = 3 2 3y a ( XV (A, i) at y=20 (5.8)

dx' = adx

q, = Wy(1 -x}) at v=0

where C = 2(m? + 1) by choice. Substituting equations (5. 8) into equation

(5.7) and solving for d¢ in nondimensional terms yields:

g 1 dx
W= 2%a |(1 - X)) (A + A (5.9)
v
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Integratior of equation (5.9) yields:

- .
0= L log %—f—%«» /—-A-‘- log N _ B lis.z0)
= (A + A © A,
- X —_—
Ay
whené.!. < 0.
Ay
1 1+ x - [A A
= — log + 2 /—tan“1 X ’-— (5.11)
4Wea (Ag + A,) 1 X Ay ¢
v
A
when_1> 0.
Ay

The data required for a polar plot of ¢ versus x are calculated by sub-
routine PLOT of the digitai computer program in Appenaix A. The term A
increases steadily with x and approaches Infinity as x approaches one or a minus
one. Therefore, the streamline approaches but never reaches the iuside sur-
face of the pipe. The relation between 9 2ud x does not involve —g- and is, there-
fore, independent of the curvature of the pipe. Since A, and A, depend on the
parameters C and m, the variation of ¢ with x depends on C, m; aund the
Reynolds number. In Table § the calculated values of § versus x are given for
m = 0.5, 1.0, and 1.3, taking the value of 4Wsa/r to be 130. The form of
streamlines for ordinary flow are shown in Figure 11. In Figure 11 %has been
assumed, for graphical illustration, to have a large value of—% since the x. 0
relation is independent of —E, but the data would not be valid for a pipe with such

iarge curvature. From Figure 11 it can be seen thai the curvature of the
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Table 8. Streamlines in the Céntral Plane
x | o 0 o
‘ m=9.5 m=1.0 m=1.5
1.0 o« w0 «©
0.8 69.1 110.9 312.0 |
0.6 4.1 71.7 204.0 ‘
0.4 27.1 4.4 126.2
0.2 13.0 21.4 60.9
0 0 0 0
-0.2 -13.0 -21.4 | -e60.9
0.4 -27.1 - 44.4 | -126.2
-0.6 143 - 717 | -2¢4.0
-0.8 -69.1 -110.9 | -312.0
-1.0 < x x

streamline in the central plane decreases as m increases.

C. Effe.: of Pipe Curvature on the Flow Rate

The effect of pipe curvature on the flow rate is given by equation (4. 3).

Itis

where Fc/ F_ is the ratio of the flux through a curved pipe to the flux through a
o

straight pipe, bothhavingthe same inlet pressure, length, andcross section. The

Q

ratios, %, are calculated for 20 values of m by the digiial computer program
Q
in Appendix A. The ratios, Fc/ F_, are calculated for val.es of K ranging from
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0 to 1000 by :se of a desk calculator. These data are presented in Table 9 and
plotted in -}‘fgglre 12 for w=0.5,1.0,and 1.5. The F/F,K relation is depen-
dent on the >arameters C and m since Q, and Q; are dependent on C and m, In
the cases plotted C = 2(m? + 1) by choice. The F (/ Fs values takea from
Figure 12 ire corrections factors for the pipe curvature. The E‘c/'l-"s values
are uséd with the equation

F

Q _FTc_ Q

T (5.12)
S

where @, is the total flow rate thrcugh a curved pipe and Q, is the flow rate

r
through a straight pipe with the same inlet pressure, length, and cross section.
From Figure 12 it is noted that Fc/ F_ is approximately one for an extremely
small Dean's number and the curvature effect is negligible. As the Dean's
number ir increased, the curvature effect rapidly increases. This is expected
since the 1}2an's number is proportional tc the velocity squaréd> and the energy
loss is much greater. The curvature eifect decreases v;ith an increase ip the
value of 1n. Figure 12 also shows that the effect of pipe curvature on the rate
of fiow th-ough the pipe is greater for a pipe with the major axis of the cross-
sectional zllipse perpendicular to the plane of the bend (m < 1) than when the
major axii coincides with the radius of curvature (m > 1).

D. First-Order Approximation of the Primary Velocity
in the Central Plane

The first-order approximation of the primary velocity is given by

equation (3.3) as

g AR Yo S e T T




Table 9. Flux Through a Curved Pipe/Flux Through a Straight Pipe
for Various Dean's Numbers

K Fc/ F Fc/ F, Fc/ F
m=0.5 m=1,0 m=1.5
o | 1.000 1.000 1.000 |
10 0.999 0.999 0.999
100 0.998 0.999 0.999
200 0.992 0.997 0.999
300 0.983
400 0.968 0.987 0.997
500 0.951
600 0.930 1 0.971 0.995
700 0,905
800 0.876 0.948 0.991
900 0.843
1000 0.806 0.919 0.986

W = (1 - @ - m’%y?)x[b, + byx® + byy? + byx! + bx’y?

+ bgy! + bgx® + byx‘y? + by + byy®)
In the central plane y = 0 and equation (3.3) becomes:
Wy = bx + (by = bp)x® + (by - by)x" + (bg - by)x’ - bex®  (5.13)

The data required for a plot of x versus W, are calculated by subroutine PLOT
of the digital computer program in Appendix A. The factor 10! is just an
amplification factor for the curves. These data are presented in Table 10 and

plotted for m = 0.5, 1.0, and 1.5 in Figure 13. Figure 13 shows, as can be
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Table 10, First Order of Approximation
of the Primary Velocity aty = 0

x| WX 10! W, X 164 W, X 104
’ m= 0.5 m=1.0 m=1.5

1.0 0 0 0
0.8 1.897 1.123 0.431
0.6 3.336 2.093 0.877
0.4 3.546 2.314 1.026
0.2 2.271 1.515 0.693

0 0 0 0
-0.2 -2.271 -1.515 -0.693
0.4 -3.546 ~2.314 ~1.026
-0 ] -3.336 -2.0903 -0.877
03 | -Ler -1.123 ~0.431

-1,0 0 0 0

" seen fror 2quation (5.13),

that the functibn is odd and symmetric about the

origin. The x, Wy relation is dependent on the parameters C and m. In the

cases plotted C = 2{m? + 1) by choice. Figure 13 shows that the magnitude of

the frst-order approximation of the primary velocity in the central plane

decreases with an increase in the value of m.
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CHAPTEE VI
SUMMARY AND CONCLUSIONS

The gfaphical illustrations preseated show that the streamline flow of -
an incompressibie fluid through a curved pipe of ellipticai crosé section is |
' iéimilar to that of a curved pipe of circular cross section. It consists of a
; primary f.lowv é.nd a secondary flow. The primary flow is along and parallel io

the center line of the pipe. The secondary flow is in the plane of the cross

~ gection of the pipe with the form of the streamlines as shown in Figures 7
thr'dugh 9. The motion of the secendary flow ineffectively expends energy which
results in a decreased rate of flow through the pipe. The secondary flow and

éentriﬁ;gal forces acting on the fluid are not present in a straight pipe. There-

fore, the rate of flow through a straight pipe is an upper bound for the rate of

flow through a curved pipe with the same inlet pressure, length and cross

. section,

b R Bl e A 05 0 SN AT

The assumption made in the derivation of the governing differential
equatioris are equivalent to those made by Deon [1928] for a pipe with a circular : 1
cross section. The governing differential equations of this study are equivalent

- to those obtained by Dean [1928] and the accuracy is the same. However, the

RPN S PR

solutions te the equations oktained in this study are exact and applicable to a ;

pipe with an elliptical cross section. Dean's [1928] solutions are approximate § ?
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because the unsymmetrical terms were neglected in the équatioﬁ for the second-

order approximation of the primary velocity.

For the circular case (m = 1) the solutions to the first four of the
governing differential equations (2.38) through (2.41) are exactly_equivdlént‘ aE

to the corresponding solutions presented by Dean {1928] and are symmetric,

TN

The solution to the fifth governing equatic‘onA( 2.42) differg frotﬁDegn's [1928]
approximate solution by the value rgpresented 5y the unsymmetrical terms’.
The error in Dean's [1928] seco‘nd-order‘ approximation of the‘ﬁ‘ow raté:,i due
to neglect of the unsymmetrical terms, is approximately 0,17 ber cent and
1.2 per cent for K values of 400 and 1000, respectively. The flow rate given by
the equations of the present study differs from that of Dean's [19.28], fourth-
order approximation by 0,12 per cent and 0. 0044 per cent for K values:of ‘400
and 1000, respectively. ’I‘herefpre, the equations obtained in the present study
have about the same accuracy ﬁs Dean's [1928] fourth-order approxirmation for
the case of a circular crossgsectibn‘.

Figure 12 shows that the effect of pipe curvature on the rate of flow is

greater for a pipe with the major axis of the cross-sec.ional ellipse perpendic-

alar to the plane of the bénd (m < 1) than when the major axis coincides with
the radius of curvéturc (m > 1), However, the fabrication is generally more
difficult for pipe bends withm > 1,

The rate of flow of fluid through a curved pipe with an elliptical cross

section is a function of C, m, and K. Therefore, the rate of flow of the fluid

R
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" is dewendent on the fluid properties, cross section of the pipe bend and the
Dean's number. ?
| The vipe curvature reduces'the rate of flow through the pipe if the inlet
' pressure, pipe length, radius of curvatqre. end cross section of the pipe are
identipal. The magnituce of this reduction decreases as the value of m
increases (Figure 12)}. Therefore, the accuracy of the soluvtions presented is
dependent upen m, but the goveruing equations ave probably nct valid for aay

m w;hen the Dean's ‘mumber exceeds 1000.
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CHAPTER VI
RECOMMENDATIOI—\‘S FOR FUTURE RESEARCH

Tke following recommendations are made for future research:

1. A more accurate soluwuon can probably be obtained by trensferring
the governing equations (2.35) and (2.36) into finite differer.e form and
soiving thcm directly on a computer.

2. The accuracy of this solution can be improvsed by extendieg it toc a
fourth~order approximation, but cousiderable work will be involved.

3. The solutions presented could be generalized to cover clastico-
viscous fluid or magnetohvdrodynamic fiow.

4. The solutions presented could be further verified by

experimentatior.
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APPENDIX A

OPERATING INSTRUCTIONS
AND
COMPUTER PROGRAM
This program is for use on ths IBM 7094 Computer. To solve for the
rate of flow through the pipe and generate the data required to plot the graphs
presented in Chapter V, numerical values for the case ‘number, XM, C, XK,
PSI 11, PSI 21, PSI 12, PSI 22, PSI 13, PSt 23, PSI 14, PSI 24, Y,, andﬂDEI;.Y

must be included as input data. The input data are defined as follows:

XK = K = Dean's number

PSI 11, PSI 12, PSI 13, and PST 14 = fox;r coustants taken for gy

PSI 21, PSI 22, PSI 23, and PSI 24 = four constants taken for ¢,

Y, = initial value of Y for which values of X are determined |

DEL Y = increment of Y added to Y,

If the data to plot the graphs are not desired, the CALL PLOT card with
its two continuation cards at cali number 1004 can be removed from the deck
and the program ends after solving for the rate of flow through the pipe. How-
ever, values for ail of the input variables must be included as input data. Since

the only input variables used to determine the flow rate are XM, C, and XK,

any constant can be used for ihe other input data,

it g

ot 55
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TSNS P M

TEJC2 VERMICM & HAS CCATFOL.
$1uJCB ELIF #AP,DLOCIC
LURFTC PALA LIST.REF

COUBLE PRECISIGN W.X,Y.Z+0ET
OOUBLE PRECISION XMeXM2,A0,A10A2,80s81+82+83¢8:0935¢08643T7+EB89B89+C0
1C1eCZeC34CheLS5CE&eCT7,(8,C5,C10,(121,E812,C13,C14,00,01,02453,04,05.0
26407 DELDS:C104011,012+,0124514,D15,016,017,018,019,020,021,022,023
3:026.0125¢026.027,028,029:82C,031,032,+033,034,D35+C1A
OINENSICN Wi(36.27)
- CIMEASICN X{2¢,37)
CIMEASICN Y(26.:.27)
DINEASICN 2€36.27)
COMMiN XI.XJJ
EOUIVALENCE IN{1lo13eXUT01)sY{102)sZi1ls1)}
INTECFR CASE )
NAMELIST7INPUT/ZCASE XM,C . PSIYY,PSTIP1,PS122,PSI22,.PS113,PS5123,PS114
1ePSE 2oy ¥Co XK DELY
£ REMCUSJIANPUTY
RRITEL(E L INPLT)
€ = C.C
M2 = xEsXM
A=C/{Z . 2lxXN**2+].)})
Wile 1)=S eXMERG 42 FUMFS2 2],
wileZ)=~Z kXPOR2-2,
WEle2i=—1C.®xNB®2-2,
Wily Q)ITCAR22XMBR/{ABR * [ XNEX24],)%%2)
RWl2s 2)=1D EXMSREIE, IXNES 2
Wl2e2)=0CS, $XNEEL 420, ¥XMEE2 43,
th’,‘-):—c"z‘x"‘.“/( le.a(Xpetze] 167}
B2, 7125, 2ANKE244]2,.8XM%22¢]5,
Wil Z)=1C.*XMEEZ46,
Wi &) =~Coe 22X ME32/( 4B (AN +], )26 2)
wi2,1} = 5.
W3,y 1) = C.
wRITE (&410)
1C FCRFAT(LIX 25X +3F08%,10CX 4 2EFR - M A 1 R 1 Xel
1GXs34%22///)
CALL SESCMI [We2912Cs2E03740 7 ToRANK, SOLN)

AC = wil.l}
Al = w241}
AZ = Wi2,1)

RRITE {0+3C) A,404,A1,A2
30 FOKMAT (IXs5HA = JEL15.8,5%X,5HA0 = ,E15.895X5HAL = +£15.8,5%x,5HA2

1 = +f15.8)
LG 38 | = 1.,1C
£€C 35 J = 141}

35 X{l,d) = C.
X1, 1) =xM¥8243,
X(1,2)=-2,

X{le2)=-1,

X1, 11)=20%a

X012y 2) =XM$5241G,
A€2, 2) =1,

X(2,4)=-10.

X{2, 5)=-1,
X(2,11)=A%A1-2,%AC*A
X(2,2) = 3.6xM%2
X02,2) = 3, ¢ 6,2XMR%2
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X{3,5)=-2,

X(3,&5:=—¢,

X(Z01)1=2,%A0A2-2 ,SASACEX¥S02-2  SA®ALSXMA®2
X{4y4)=XM28242],

X14s%)z],

xi{44s7)=-21.

X(4, E)=~1,

X{4s 11 1= AQ%A —-Z.%A%A)

X(Ss &)= EXME*R2

X{Se5)=3.XMER24E,

X{5.¢5=42,

X{S.E)=-5.

x(5'§)=-2-

XK[Ze 11 )=AQ%ASXMEL2+ARAYSXNGL2 -3 A2
X(€sE)=3 ,8xM222

XUEEs€)=1S.2XMEO242,

X{6s€)=—2,

X{€.12)=~15.

X{€s 11 I=ACOAXXMI*G 44 . SAS B IXME24H~6 ¥ ASA2 ¥ XNEXQ
X{T7+7)=XP*22426.

X{(7,E1=+1.

X{7+11)=424]

X{Er7) =21 . 6XNMe%2

X(E,Cl=F dxMB82421],

X{ByG)=¢6.

X{8.11)=2.%8%A2

X{SsR)=10.XM¥&2

X{2:S)=1Z.5XME224]C.

(S, 1L )=+15.

X{Se1l )5=3,+A1BA SXMESL+E FAXA2EXMERS
X{1CeG)=2,5XV%E2

X{1Ce1()=29, 2XME2242,

X{1C 1 1)=2 8ABA28XNT ¥4 -2 . kA% XMEXY
WRITE (&440)

4C FCRMAT(LIX o2SX-3F%%8 10X,y 260X - M A

1CXe3b2d%/// )

CALL SESCMI (XelCelsCs26,27,DZT,RANKK,SCLN)
B0 = x{(1,1}

£l = xiz.h

B2 = x{3,1)

B3 = Xl4s1)

24 = X{5,1}

86 = Xx{€s1d

Be = X(7.1)

B7 = x{(8,1]}

88 = X({(S,1)

89 = Xx{(10,1)

WRITE (6,55) BO,Bl,£2:£3,84,B%,B6,87,88,B9

91

55 FORMAT{1X+S4B0 = +EL15.8+5X,5HB1 = ,E15.8¢5X,5HB2 = ,F15.9:5X,5HB3

1= vEl5oU'5Xv5H85 = 'EISISIIIXISHBS = .E15.8'5X-5H86 = 'ElS.B,SX,SH

2B7 = JELE.8+5Xs5HBE = 4E1E.B//1X45HBI = ,E15.8)

O 6C I = 1415
CO 4C 4 = 1,16

6C Y(I.J) = 0,

Yily 112120, %XM¥%44]144 . 2XM*224120,
Y{leZi=—14% . ¥XM®32-240,
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VUl 2) 3260, SXNE42-144,

Yil,4) 24120,

Yil. f)=+12.

Y(le:)}=¢120,
¥02:::)2120. ¢ XME244480 . XV 224040,
Y{2s 1)22640.%XN*%294240,

Ylze 4} 2-4R0 . *XN®22-168C,

V(24 3)3-2640.0XN*22-480.
Y(24¢)2-240,

Y24 7)=eE40,

Y2, t)=+240,

Y(Ze5)=¢120C,

Y2y 2) 2240, %XMESL 4240 ,3XN22
Y(342)2840.8XM32444B0 . ¢XF232+120,
YU244)2-2640,0XME%2

Y2, £)==480 , 0XNE$2-24C,
Yi3.£1=-1680.8XM*22-48C.
Y(3,£6)=4120.

¥(2,5)=4240,

Y(32,1C)=4840,

Ylbe 4) =120, XMEX4L 11002 2XNE¥2430264,
Y144 5)224C . sXME224504,
Y{&4s£)=+120,

Y4, 7)==1008,%XM*32-6048,

Y04y £)==240 ,#XME#2-1(CB.
Yl4.6)==-240.

Yi4:1101=42024,

Y{4, 1c)=450C4.

vi4as12)=+12C.

Y{S,4)=BCO. *XM*%4+168(.

Y{S5yS) =840 $XM&X4+160C . XXM*%2 4840,
Y{5,€)=1680.3XM**2+8(C.,

Y5, 7)=~16BC . *XK*%2
Y(Se8)=—160C.#XM##2-1680.
Y(5,6)=~1680,.%xM332-16CC.
Y{S.10)=-168C.

Y{(S5.12)=%840.

Y{5,13)=+80C.

Y{S,)4)=484C.

Y€, 4) =120, %XM¥%4
Y(€,5)=5C4. % XME$44240 ,XXM222
Y(6y£)=3024,%XME24641008,3XMx%2+]120C,
Y16y 8)=-240,%XM**2
Y(6+S)=-1008.%XM*x2-24C,
Y{6,1C)=-56048.%xMx¥2-10CE.,
Y(&.13)=4120.

Y{€y1a1=4504,

Y{6,1S5)=43024.

Y{To71=120. XM*X4+]1T28 A XM*2%2+7320,
Y(T7:81=240.%XM**2+864.
Y{(7,51=+120.
Y{7411)=-1728.%XF**2-1584C.
Y(2,121=-240.%XM%%2 -1726.
Y{7,13)=-240.
Y(Ey7)=1680.%XM*3446048,# xN**x2
Y(8,8) =840, %XM**%4+43360.%¥XN¥¥2+43024,
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N Y(E,S)=1680,0XM*#241680.
Y(8, lo ’="8§0.
Y(8,11)=-6048,2xXNs82
Y8, 12)=-3360,8XWe*2-5ChR,
Y{8,13)=-1680,*XM**2-326C,
Y(8,14)=-1680,
YIS, T)sR4C. *XME24
Y{G, ) =160 $XMXS4¢168C, ¢ xME%2
Y(S,€)=3024.8XME24+336(, #XP*%24840,
VUG, 1C)=6048 . XM*#2+ 1660,
Y(9,12)=-168C, #XN*%2
Yi9,12)=-3360.%xF*%2-168C.
Y(Ss14)=-6048, &XF*%2-3350,
Yi$,15)=~¢€048,
] YE1C 4812120 . #XME34
Y{10,8 02804 s XMERLE240 K XNPED
Y(1C 1C)=792C 6XMEKL 41 T26 #XM*224]120.
Y{1C13)2=240, ¥XM¥%2
Y{10,¢)=-1T728.#XM*%2-2410,
] Y{1L ,15)=-15840, 4 XMex2-172¢,
YU11,11)=120.%XMB24+2€40 ,EXMRE2+4]1T160,
Y(11.12)=264C.%XM#%241220,
Y(11.12)=412¢C, .
3 Y{12,11)22280, 8XMEX44+ | S840 EXMESD
Y(12412)=84C.XM#%4+STEC #XV%%247920,
Y112+133=16BC, ¥XM®%2+265C,
§ YE12.14)=+84C.,
Y(13,11)52024, %XNMetg
Y{13,12)=3528,#XME%4+604E A XM2%E2
Y(13,13)=2024.%XPee4+TC5€ AXMRR 243024,
Y(13,14)=26068, *XMEX243528, R
Y{13,15)=+3C24, -
Y{14,12)284C.5XM¥%G i
Y(14412)=288C. 6XME$44168C  AXME*2
Y(14+1£)2T7920.%XM*%4+576C . ¥XM%22+840,
Y{14,15)21584C ., #XME%2428¢C, r
Y(15412)=12C . aXM*%4 ’ T
Y{15,14)=132C. ¢ XM¥X64240 %XN%%2 . -
Y{15,15)217160,#XMc%442640 4 XME&2+120, : k4
Y{ls16)=8,%A0RK2-24 #ACKSZHXMER 232, $AOF¥ALl ~4, FAL #2122, %A1 ¥A2+4 %A ‘ N N
. 1*¥BORXME#2-2  %A%¥B2 ,f‘
K Y12, 160280, %A0*A1~48 , #A0#ALXXMAR 2416, ¥ADRE2 448, KACKE2EXMREZ2+16,%A1 s
12%2448 HAIRA2=2 , %AXB444, XAPB2+4, AXB 1 EXMRED =4 , XARRORXMERD S
Y(23,16)5240%A0%A1EXMIR24 1€ #A0%AL ¥ XMREL432 ,XAQFA2-256, kAQ*A2¥X ME % ’ P
1280 HAQH2RXMERR2+ 144 ,FAOKE2XXMARL~] ]2, ¥ ALRA24+192. kAL #A2RXM%*2 248, oo
F 28D2% %2432 HALRNIEXMEED ~4 KPXR S48 ,FAEPIRXMER 2 =4 , * ARBOXXM* ¥4 -
Y14y 16)1==24 RA0KR2=264 KACKE2EXMER24G 6, KA 0%A L RXME$2~48 %A ¥ 8224 %A B SR
3 11%422XNF8#2-T2, SAT#AZ =2 A #RT+4 . KAKBL—2, FABB 2 +46 .k ARBISXMRR2~4 FAXB | : R

=

2¥XMx 82 : R
Y{E, 16)=-640 ., % A0%AL¥XM*XZ 4256 HAORAL*XMEX4+64,FA0RA245]12, %A0%A2% XM : % . T
1#%2440C, ¥AL¥A2-832, % ALFA 2K XMER244 8, kADRE 24 XMAR2 = 1 44 (KAQHH2 R XM A4 — | B
2ELRAIER2RAMER2 L E KA TRR 2R YPRELY~4 ok ARBB+B . XAXBS+ I FAKBLEXMEX2 -8, *AK
3B2X N A2-4 X AKBL XM %4

YUty 16 )= T2, %A0K# 26 XM¥RLY— |20 HAQH ¥ 2 X ME%H--384 HATHRAL R XNER4~96, XKADKA -
11%XMe%6-192 , RA0¥A2XXMER2 + 760  #LO*A2X XMER4+480 . FALRA2RXNX¥2~-552 , %A ] -
2HA2XXMIRL=T 2 (AL RE2RXMER 4424 (RA2XK2- 24, RA2RF2RXMER2 -6 XASPI+]2 , %A K

s

[ e et e et < o Y
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€5 FORMATUIX 429Xo3b%e%, 10Xy 2EHY - bl A T ° H Xyl
1CX3E00%///)
CALL SESCHl(Ycl5ol,0.36r37o3&7 HANK, SOLN)
Co = Y{le})
Cl = Y(2,1)
C2 = Y{(3,1)
C3 = Y{4,1)
C& = Y{5.1}
: €5 = Y{£,1)
C& = Y{7,1}
C7 = Y841}
c8 = v(9,1)
C9 = Y(10.1}
C1C = Y{1l1,1)
Cll = y{12s1)
C12 = vl13,.1)
C12 = vi(l4, 1)
Cl4 = Y(15,1)

6C

CARSENFNA2 -5, R AEBEXMERS )
Y716 )=-43,%A0%A1-48, *AO“I*XH‘*Z*?G.‘Al"?’ku-.A!*‘Z‘Xﬂ“2045 *A
L12A2 84 SARBT~2 ,$PFDL+ 4 S ICRLSXHE R -4 (XARDIR (MR %2 ’
Y(8:161=336,XA0SALPXMSRZ~ZT2 . SADSA] R XMEE4-T6 . FAQRAL =256, A0 SAZEXNS
182-14H 8 ALEE20XMIE24] )2, $ALSR IS XXH =336, $A 1 CA241CRB, SALSA2 SXNE# 2~
'2Iﬁ#.0A2"2*8-*“87*¥H‘*248.*A‘BS-A tAﬁBS—ﬂ-'A‘Sb*XM‘*2-4 ®ARPIRXM®
I*4

¥{9¢ 1:)=540, 'AO'&!*XH““—IG# FADSRALEXMERL4E4 JXAQSA2RYMER2-T 58,2 A0%

TAZEX MR 441280, #AFA2AME S4B 12, AL X AZEAMESL =[5 FALEE IR NS €496, 14
Z1RI20X N0 R6448.0A2%42+48, ‘AE**?*XM“?‘IZ.*A‘B9*!2 SAXBAE MRS 212, %A
38Q5EXNIR -6 kAT LEXMEIY

Y{10+1E1=1T€ . RADRAL A MER648C, *AO‘Ql*xn‘*ﬂ*l6C.“0‘A2‘XH“4- 12.%40
19A28 XMIBE D24 HATFAZRAMERLIG] 2 XALKAQENMEREE64 AR BAMERE~]12 XA
ZZ‘**‘XF*t2#352a*42**2‘X#*‘4fle KARDORAME K28 L KARTGEANERS
Yfllglé)--bc *Al"Z“Zﬁ ‘ﬂl**Z*XN“Z 12.%A1¥A2~2. ‘A*B7°4- A¥BoEXMEAN
12 :

YE1241€6)=96, 'AI*GZ‘XH**2-128 BA K7 EXMEE 4448 ,FALRA2 =448 AL A2 XM
142448, 44244 2—6  FARBI~ 1 HASD TR XMEE T =4 L RAKGE X ME R4

Y130 EE7=192. %A1 9025 XMER4-24 #1426 XMXE 646 T2 FALPAZHXMES2~-]1320, %A
LAIRAZ RN Q4= T2 RAZFE2-24 ¥ A2SH 25X M %) -5 X A%BG~]2, *A*RB*XM**Z-é.*A‘B
2T*#XM3%4

Y14 01116, FALEA28XMI¥L $EC kAL R2UXMEXE 4980 AL XA2AXM2¥4-1024,24)
LEAZEXE$06416 JHAZRE2RAMED 2252 4 2 an 2 ENMENG~] 6 $ASBORUNMRE2 -0 S ARBH*
2XMtw 4

YU15e1€)=256o% AL #A2AXMEE- 140 XALS 12X XME 38488, FA2%$2 X XMXS4-260,%A2
L¥S2 XMAHL2~20 $ALCX2RXMERE-]C, #AXBYRAMEES,

WRITE (54€35)

NARELTST/NAM3/CO,CLyC24C24C44C5,CO0CT9CH,C9,C10,L114C129C13,4C14

WRITE(&sNAKS)

CO BC I = 1,26

DO 8C J = 1,37

2(1,4) = 0.

ZU1o1)==2. #XM*¥2-2,

201 2) =42,

20130242,

Z(2vi) ==z, PxM*#2-12. , }
202y 2)=-2,

I(2,6)=¢12,

T i AR s e 803 04 e




202,5)~¢2, | _ \ RO . R
224 2) oz axpnsa S RN - R
0292y =~ 12, 4xmen2-2, Co - : ~
203, 8) =4z, - , ' T T ;
(3, ¢1=912, o , : , - . Lot
Llar4) 22 uxprnr-30,. ) ' . a7 =
204y5)=~3, ; - . :

Z04y7)=+13p,

2i4y8) =43, o : T .

Ly 4)=~12, xMee> - o T

Z05¢5)==12, 0xMaep-12,
L(Er€)=-12, - !
2{5,€)=-12, i . . - - o
2(5,%5)=412, » ) : -
Z0645)==2, ke . e -
zte.e)f-ao.mxn#*zfz.ﬁ o
Tte,9)342, o
Z(ey1C)=430,
ZUT0T)=ez o xMickp 5,
Z(7yByx=2, . =
T 11 )=955,
2(7,12)=42,
Z1Es7)=-30, #XMESD
Z(H.E)<-12.*xn**2—30-
ZIByG}=—}2,.
2(8412)=430,
2(8y12)=412,
ZISoE) =~12, sxMuxk)
Z19y S} =30, XM~} 7,
Z1951C)=-30,
2iS,13)=412,
2{9,14)=430.
Z(1C2G )=~ #xM%?
LO10,1C) =~56 , sxMAn2- ),
2010414) =42,
ZUIC 15)=456,
Z{11411)=-2 , #xMe2-q(,
2{11,1z)=-2, . .
Z{il,+1€)=490,
2i 11400242,
Z012¢11)5-56,#xM3%7 :
Z112,452)=~12 #xMe5-5¢, i
1(12¢13)=-12, ¥
2012,17) =456, ;-
§

2(12,18)=412,
2(13-12)=~30.*XM**2
Z(13s13)=-3C.*XH**2-30.
2(13,14)=-30,
Z{13,18)=43(, '
2(13,19)=4+30, ¢
Z(l*ol?)=*12.*KN“2 b
£(16e14)=°56.¥xn**2~12. ?

2{14415)=~56, :
1(14v193=*120 3
Zl1442C)=45¢6, 3
2(15,14)==2, ¥xM232 §
e




TE1S5218) 2=9C  tXMER2-2,
£(15.2C)=¢2,
_2015021)2490C, -
2116416 =2 ,0XMEH2=-137,

216411122, -

2M16+22)ne122,
(164221242,

T AT €1 =-0C  #XML 2
ZU1F i =-12,. 6XMA%2-0C,
Zt1T18k=-17,
2U17+23)=45C,
2(1T424)=¢12,

20184 17)=-56,4XMP*7
ZUIE 4161 =-30,0XM392-56,
Zi18+1S)=-3C,
2{18424)=56,
7118.25)=4+3C,
ZL1941E)==30 ,4XM%2
24194151 ==5b6,4xXM282-20,
I119+2C)2-56,
2119,2¢%)=+3C,
£11942€)=45¢,

2020 +18)==12,3XU*2%]
2(2042C)=-0C kXM¥%2-12,

: £126,21)=-30,

SR I12042€)=412,

- 7(20427)=49C,

2021423322, 4XME%2

i 20z1421)=-132,8XV%%2-2,

i 7214271 =42,

3 & Z(21,28)=+132,

I T022422)=~2 J4XMR22-18Z,

o ! 1(22.221=-2,

: 7122,261=182,

i Zilz2e3Ch=42,

: 2123 :22)==13Z %XW¥&2
2023422 )==12 . 6XN%%2=-12;,
2123:24:7-12,
7(2342Ch=4122,
Z123,31)1=¢+12.

(26 423)2-90#XM#82
Z2(24+24)==30 % XME%*2-9(0,
2{264+2¢5)==-20,

2(24.421) =493,
7024432)=43C,

3 210250243 =~56,2XM%%2

E ; 2025425 )=-56.%XM%%2=-56,

- . 7125,2¢)=-56,
I1(25432)=+56,
20254+43%)=45¢€.
Z1(26426)=-30.8XM%*2

; Z(2642¢€)=-9C . *XM*%2~30,

q 2(26,27)=-90.

: 7026,32)=130.
E . 20264743250,
3 ~ I027,26)==12. 6 XM¥%2
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2427 427)2~122,8K0¥%2-12,

2(2742€)2=132. .

Z12724)=12, ’ S

Z(27,3%)5132. :

21284271 ==2 . ¢XM%%2

Z(28 281 2=182,8XN¥%2-:2,

2428428)=42,

Z128+3€)=2¢182.

29294250 =-2 XXM 42~ 2fu. :

7(2942Ch==Z. . BT
Z(3D426Y=~182,3XME%2 }

7130,3C)==12,%XNs¢2-182.

2130.31)1=-12.

Z{21¢3Ch==137,8XM¥*2

2021 43]1)==3C,¥XM¥%¥2-122,
Z131,422)=~30C,

2{3243}))=~9C . %XM5%2

L(32¢32)=-56,4XN*%2-90,

1822,33)=-56,

2{23437)==-56,2XM*%2

2033433)==9C ,*XM**2~5¢,

1(23,36¢3=~9C,

L{36432)==3C 6XMe%2

1034 434)=-132,8XM2%2-3C,

1(24,25)=~122,

10235,23¢6)=-12 ,%XM¥%2

Z035,35)=-1R2.,¥XVM*%x2-12,

7(75,2¢)=-182,

2036435 )==2 ,%XME%2

7036,36)=-24C XMk 2-2,

Z(1,27)=AC*BC

202y 2T 1=-2,%A%LC+3,%AC*B L-S . ¥A0%BO+A 1 %30

202 27 )52 2 ARCORXMEX2 4 A0 BZ-T . XALRBORXME*243 , %A2 %80

204927 0==2, ¥ A%C 144 % A*C0 ¢S, 2ACKB3=11 %A0%BL+ T, %ACHA0+3,. #A1%B|-5.%A

1130

LUSs 2T b= ~C o #ARC24L  HAXCLAXNER 24T X A0%BA~5, % AQRBL-21 , %A0*BL ¥ XMER2¢ |
13, %ACHECAXM* %23 ,¥A]*B2-3 %A XBORXME¥249 ,%A2%B 15, %A2%BO+8. *AQ*B2
Ziea 27122, 0AC24XMEAZ -4 2 PRCOXXMKEGE ARG 5=T, BAOKP2EX¥EX2+] | » €AQO*B0
1%XME 2443  %A2%B2- 13, 2A2%BCeXME%2

T 2T )=~2. %08 C344,00%C1~2 SARCO+T  XAD%BGE-1T, *A0*83*13.*A0*B"~3 ®A

10%00+5 , %21 %331 ). ¢A1 %81+ 7. %A1 430
Z{By 2T 426 % ARCAC 1 2  HAKC2-E S AXC L RXMER2 -2 K AR( QR XNER2410 , ¥AX(CIRXM*

1¥245 K ANERT -3, %A(RB 4~ 35, % ACHB3x A M 29,5 A0RB2-11 L *AVKBIEXNE X244 6, %
2A0%E 1XXEA22~AL*B44L5 AL HBZ-1T7, #ATXB LAXME24+ [0 AL *BORXMER2+]15,%A2
I%A3~23 xA2%B1+2] 242240

Z{Ge27)==10. ¥AXCE+B  #AFT2RXMFA240 . FARCLHRXMAR 2= | 2, 3ARCLUXMERLG+2 %A R
1CO*XME 3443, % A0*BB8+]1 1 *ACHHE-2 1. ®AO*B4*XMN®%R2433 .k AD*R ] #XMe%4~13,%A0
2HACEXMATL 2 (HAQRE2XXMEE2-T XA 1¥B5+9, AL XB2AXMEE2 43, *ALKBOKXMER4 49T,
322 B4 -T ,AA2%R2=39, %A 2%B 1 2 XM¥ %2438, $A2¢3 Ok XM* %2

2104371 =2,%ARCSIUMER2-4 *A%C 2RXMXR4 +2 , % ARC O X MR KEHADRRG 4] ], #¥AQO*B2
13X %45, ¥ A0RBORXM**6~T . ¥ACKB EXXMELXD 43 % 42KB5-13, $AZRB2EXM*H24]1 7, *
ZA2HBCRXMARG

ZU11 437122, %A%RCE44 CA¥( -2 #A¥C1-23 ,%A0%HH6+19,%¥A0%B3-5,%A0%B1+T7,.*
1A1%B€-1T.%A1#83+13.%A1%B1-2,% A7 +80

ZU12437) 36 FAKCT+] 2., ¥ARC 4= 16 FAKCIRXMRE242  KAXC I RXNER2=6, $AXL 2414
1. %AXCERXMER2-25 , BADKBIEXMEH2—-G, 2 AOXBT-49 A *HEEXMEK2=3 4 A0 ®B445, %




SADRBZ V4 L ENOESIEXMES2GALSE T4, SALSDA-2]  SALSB3EXN82=-2) ,BA) 6J2~T, ¢
FALUBCOXKISZA3A . SALICBIIANIS o] 2A2800-5] SA2¥BI+ 39, ¢L2¢81-9.9A2380
U133 T)a~10.%A%E5020,9ASC L1 . SARC2EXME 2410, SAECIRAPOG | T, $ACCT
TOXNCUZ <20 ASC IS XNORE 5, CACRIE-D5, ¥ A0SR TOXMR 225, BAQE5 ¢5 . #A0% N2
QAN 2 ES AR AMCE L= 15 8RB XMre4030 , #A0TRLGIXMOR2-5 41 ] $8+35,
ISALER5 -5 SALBAIXNIDZ 425 BN 4Bl EANS"4=5 , %A1 SDOOXNUSL - 30, S 41 9B XN
APRZH 1S SAZEJT-29  CAZRB4-CS  EAFBISANEE24 5, SAZSPB2-25,. FAZSBOSANER 2+
SO SLZIELSXNRED
20114437 e~L 4 ARG 6, SASTESXNIRD -2 , PASC 2NN 2440 . PASCRIANES2-12 . #
CLIARELOK PR E44E SARCIAXANSRS 471G, A0XBG~-2 1, FAOSBBEXME 2533 . FA0EBGEXNESS
2=5 . P A0B2EAMERL~ 15, #ADPB I ¥ YA 36- 14 BANFIGRXNES -] ] £41989+2] . %A1%8
. ASAXMIE =9, BALEB2EXMERL—A IR IEXAMEEL+9 XA CBBLAZHB5 -39, SA2EBHEAMSE2 ¢
AS1 HAZRI I EXMTRL—Z3 ,SARE(SANL 36427 , SATRB2EXNEV 2

U153 TI=2. %ASCODUNRR2~4& S AAC SEXMEBH 42 AL 2EXNEE5-T , #AVXBIUXMNS*2 +
T11 . FADBRSRXMONL-5  CACKB2E XIS L3 ¢AZB9-13, SA22B58XME 22+ 1T . +A2%022
2AMBEL- T . SA282037PE%6

2{36e¢37)=-2,%87 C104w B22(8-2, bA%( 2 25, %A 036~ T . #AQCR3-23, *A]1 *B6+1 9
1.9A1282-5,%A1«B1

Z 1T 0270 =-6.28%C 1412, . ¥AR0 =24, . A0 HAXMER2 6, RAIT LML, A JoX N2 3]
18.%A%C ICEXNI 243 4AQFB T+ 2.0 A0CB4L—33, CAQRRIRXNT R+ D2  *aD3BEH*XNIF2 +
23, FAIBPT-45  CAVSRERXNC¥2~ [ B CALXBL4 G SALFA2~2 ] . AALSB] *XHEE2466 . ¢A]
3B IR XMI92-69  FaFMREH5T EAZSHE -1 %A2E]

184371 2~10.¥A%CI2420.¢ASCO-R kASCTEXN* #2102 00H L L RABCLRXMES 2 4
T18 .3 AL EXMER4 414,82 8C 11 4XPE22-28 2L HE XMEF - | . «A0SER+13,3A0%B5 ~
2GS BACRBLEXAPR2LT T, CA(SROCANSE 45T, SAQHRIEAMIBL+H B FAMFETEXNTE2429,
IBAIFPR-IG,¥ALSBTAXMER 245 (A1 2B542) L RALCP2 R XMELT $5 T FAVSHINAMB G2
AT HPALSE  AXMER4—2 XA S BLIUNR22 43  6AZ2#0T- 91, tAztasaxu~*2+?3 $AZ*B4—
bAZ*Bc-‘l CAZHBIB XMER 23142 HA2PIRKHE)

20163 =14 %AFL]13420 6D G4 B, vAXTBIAMIE2~ [ B, FASCSEUANT €246, FAK( 4%
IXMAEG4 10 SASCI2SXNE X220 $ARC T XMEU 4+ 10, 24 LR AMCES5-41, 2A0%BO+21 . *
ZAQSBESXMBR2 455 (FACRBTEXMT R4~ 2 T SACKBAFXMOEL 25, $ACEYIRANTEH4]14.5A0
IOBBS AN F55 AL RBI+ T AT SEZA UM 224 | 5 A ITHLEXNES4L]5, %8
LIFSB2AXMERG~11 CALPBI~ A1t 5 C~TOFALEBSH XM= 7 A 2ENR~E5, SA2XBTIXMX

982 =] 1, 3A2%B5~G SA2EP2EXMET Z4BE  HAZEB IXAMKEL-ST L BAZSBLEXMEXL ¢TH FA2
CHRAEXMATQ

Z42C 437 =~18FARC 14024 ,#ARCSEXMER 26 XARCSAIAMERG 44 AL IXXMEE2-1 2

To2ARLOIANERL4E FAFCLEXMEEE 423 #ACHB I XME X33  SAQRBS S Paso- 15, #AQ*
T 2REAMIKES0, CAORRSAXMES 2427 (FALRBGAXMAR2 428 AL XBSEIMEECH I L KA1XB28X
T3NS HH 4G HAZKBI-3F FAZEBHAXMERZ 5] FAZEBLAXMEEL |5 HA2SR2EAMERL-2] . %

GA2PB I XHEFL $ 6, P A2EBSAXVRE 2

F1214373=2.%A%CL42XMES 20, tA*C3*xM**ﬁfZ.‘h*C5*x"**s¢l1.*A0t39txn**
164-5, PACKRSUXMI®A—13 (AA2SRGENMER2§1 T FA2 SR XMERL~T  FAZNR2EXMXEE

2022+37)1=4.%A%C1C-2.%¥ASCE-G ¥ A0KBE+Z 5, 5A1%86~T %A1 %33

2823037)=12.%A%C11~32 . %ABCIORXI L -0 ARCTH LN *AXCHEXNCE2+A0#8T7~53

P EADRRESXMER2-Q AL XBT 4T A XBL-35, L1 B NMEXZ 104 AL XBERXM2R24TH
2 ¥AQUBE~Z ] *¥A2%A2

2026 43 7) =20 FABC 12~ 1. P41 i XMERP— ] 0 CABCR -2 FASCTRXMNER25 26, %A%
TEXME ¥4 -3 XAXCLOAKMEEG v ] | JSACKBR~23, SADKBT # AM*E 2T, XAGKBORXMEXL ~4
23, %A NSBB8 21 o FALRBE+T ,FALIELR XMEX2465 . FAL#D6EXMEXL LT, 441 2B XXMEX4+
326, %A1 AP TRXMEE2441 FA2ER -7, ¢ A2%B4—T 7. S A2XBIF(MAR2+1 04, XA2XBORXME &
42

2125427)=28.#83C 13-14,%AX 9= 14, *AXCRRXMRR2 414 ¥ ASCTHXM*$4-28,VA*C )
JIBXMA% 44 14 RARCARANERE 2] ,#AQFBG+ 7, KAQRLBEXMRA 49 . SALTBT R MES4H~35
2 EADRBEYEFRIE=T ! SALRDG+4G XA IXBSEAMAT 2+ 35, R AL SR T XMERL-T , kAL ¥B4%X
BMRHH =21, FALFBIIXANPS6~42 (FALXBARXMERL+T HA2¥LE+ . #A2¥B5-35, %A2%Be%X
LRA529] )G, SA2FDOEXNEBL—-G] ,$A2RBIRXMER L] 26, KA2EBTEXMNRRZ

et
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e e ey b o W T, WA LB s b = e e o e s

1269371230 008 4416 FARCLI2OANSR2 -2 5, SA MW IEANSR222, 2ASC SR NSE4-20

et froim o e 41 v AOlinm 4 L

1.0ASL[ 78 XNO¥4 410, SARCTEXNS 63T, SAQSBIVXMSS2-]1 9, SACEBBIANES 425, SA
2CRETIXITSGHALEBBIANSS 4TS  FALSPSEANES4- T, SAL SB4EXNSR6-110,%A0%
3BQeXPe92-27 ,8A2209¢ T, SAZSBECXMES 2255 SA2SDTEXNEL6~4T . SA20B4 SXNI L4~
435,827 9038XMESE4EQ  FA2PBES NS - b
I827,37)=32 . %A8C140XNS22~](, ‘A‘L9‘XH*‘6-XZ.‘A‘CI3‘xh“ﬁ§6.tA'C3CXH -
198641 SADSHGEXMS24- | S SACORISXHSEH~ 23 AL SBIANESL+T , SRL SBSEXNESS
ZHE1.BA28BHSXNSCA-T , BA2I RSO XNEB4L-2]  $L2VB LA NELE~] 0. CAZSBININSR2
2028437)=~5,.8ACSBORXMESH+L(, *n?-gotxutt~-7.01208501utasoz.tnoc9txn 7
18364, PASCL4BXME 4 -
2029 ¢27)==9,. %A sp6~2. *A%( 1C

2030437)=-6.%°+C 11414 FASCIOCXNSE] 25  SAL $BT~49 . SA1 FB6IXNSS2-2T . SA2
1286

20321437)==1C.8A%CI 242, $A%C LIS YNER2434,¢ASC] O+ XA 24419, 8A16B8-T, . *A1 1
18874 XM122-T] ,2AL*BO*XME$4-13 ,$A28R7- 103, CAZSB6SXNSS2 .
122,371 =-14,%ASCL3-1C. 3290 20 XM€2+422 . SARC L1 S XKRS44 15 . SARLIN 2N MEE - - }
16423, 581489435, ¢A1#BB*XM22-7G SR SBTEXMER4-3] , SA]8BHIXNS
20642 2408-61,%A2SRTSXNEE2-125, JA24B6E xMERS .
2(33437)==18.%A%C14=27 ., #ASCIIEIMOS24 10, #ARC I 20 XMIE4+ 4 A L 1 BXNEE¥
1677 . 2L ¥BOSXMF2:4)3 ,SALSLREXNES4-] T AL SBTSXMES64] 5, SA24B9~19, ¢A2
26B8% XM #2233 SA2FBTEXMER 440  SA2SRLEXNEEE

2036 427)2~34 ,FACLLeXMEE2-2 SASC EISANERL 210, *ASC 1 2IXME2E+55,$A) /9
1#XME#4-3  FALSBREXNSRCH23 , 9B 2¢ROSXMET 24 ] ,SA2EBEEXMER4-35,CA2#BT XN
298¢

ZU3543T)=-14.%B2C a8 XME$40E 2A¥CI IR XMIL64]1], ‘Al‘ﬁ?‘l?"69A2t89‘xﬂt
1942 1, 9A2%38%XNS 35

2036437122, %ASL14¥XNTSE—1 . S A2SBORXMB R i .
WRITE (6,851} . T
HS FCRMZT(LX ¢26Xo 2498, 10X, 2€H2 - b A 7 R 1 X1 -

10X+ 3¢2¥277/)
CALL SESCM{1Z,26+1:0+3€s237,DET,RANK,SOLN?

D = It} L 1) B e
- £i = 2 1)
] 62 = 23 L1 :
o D3 = 14 L1} : S
i D4 = L5 W1} -
3 B5 = 2ie 1)
0s = 147 1) .
i L7 = 2(8 1} ’ 1 !
. D8 = It5 1} 7 P
: 09 = (10 .1} /
D1G = 2211 41} i
D1l = 2112 +1): 2
D12 = 2{13 ,1)
D12 = 214 »1)
D14 = 2415 , 1)
D15 = 216 ,1)
Dle = 2¢17 1)
: C17 = 2(18 ,1) i
K 018 = 2(19 41} LN
; ; : D15 = 2020 1) i
D20 = 2(21 1)
Dzl = 2722 41} i
D22 = 223 ,1) . LN
023 = Zi24 1) : [
D24 = 2125 »1) ’ ’ - ;

e i o
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100
D25 = 2126 +1}
‘r2¢ = 27 +1)
027 = 2(28 1)
028 = 2(2S 4+1)
€29 = 202C ,1} -
€3 = 2621 1)
021 = 2422 1)
C32 = 2433 ,1)
0313 = 7(34 ,1)
C3s = 2135 ,1)

D3% = 2436 ,1)
NAFELIST/N2Z¥A/00.D 4 D2+02,04¢05+006:07,08+99,010,011,:D012,D13,D14.D1
15:01¢4C17,018.815+D20,021,022,023,024,025:D026+027,928,027,93C,031-

. 2022,C22,C34,L35
T FRITE (5,NAMG) -
1 L =00
S Zt2.,1) = C1 - OC
- 2(S.1) = £3 - 0l
. Zile3) = C2 - CO¥XM2
: _ 22,3} = D& - £2 - O18xM2

3 ZUl.5) = U5 - C29XH2
E* - 2(7.1) = 4 - 03
: Z(€,2) = D7 - D& - D3I*4XM?
Z13,5) = D3 - £S - Da*XMZ
SR 281+7) = D9 - CTS*x%2
] : Zi9.1) = €10 ~ De
- Z{T1,2) = C11 = D7 — NE*XNM?
- Z{5%: %) = D12 - DE - LDT=»XM2
T . 2137 = D13 - CS - 08%xw2
F - 2€1+5) = D14 ~ DGEXM2
Z{llel) = D15 - CI9
28 943) = Dld ~ T11 - L1G%xM2
cend ZU 7.5} = B17 - £12 - Cll*xm2
S 20 5,7) = D12 - C13 - D12#xw2
I( 3,9) = DIS -~ Cl4 = Cl2ex¥2
It 1.11)= D2C - Clesxs?
SR 2t 12,1)= Dzl - 215
E Z(11.2) = D22 - Llo - DlEsxw?
3 i Z0 945) = D23 —- C17 - Clexxw?
I0 747) = D24 - C18 - D] 7#x¥2
: 21 5.} = 025 - 19 - Dleaxs?
‘ 203,11) = D2& - C20 - D15txM2
! Z{1s13) = D27 - D0*XM2
i ZU15.1) = 028 - 21
i Z(13.23) = 12S - [22 - Lil12xM?
2111+5) = D36 - [23 - D22%xM2
215,7) = 021 - 024 - D22%3M2
‘ I(T7+S) = D3Z - D25 - D24*xM?
3 2(5.,11) = D33 - D26 ~ D25%xM?
3 ZL3,13) = 034 - [27 ~ D2&xxM2
- 2(1+15) = D35 - C2T*XM2
Z(17.1) = -028
Z(1542) = =029 - 028%*xXM2
. Z{13,5) = -030 - D29*xM2
3 ZU11,+7) = -031 - C30%xM2
‘ ) Z{Gy5) = =022 - D31%xXM2
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287,111 = D33 ~ D32%xXM2
I, 13} = ~D3% ~ 03I3IvxM2
7€2,15) = ~035 - Q34%xk?
{1+ 17) = ~C358%Xp2

OC 1CC L=2,18,2

I = 1-Z

Xy = 1

L = 18- |

CC 1C0 K= 2,1K.+2

J = K-2

X4 = 4

XJJ = (X4 ¢ 1.)/z,
CCl= @ .5 1vXd + (.)%0ANS(XJ+]1.))) -
CALL ICR2T (C.0s}a0y 01 XINTe 1)

IFUIEC.CLANLLJLECL2) XINTC2 = XINT*CCI ;
IR FCac ANELJLEC.0) XiNTZO = XINT*SCL
IF{1 . EC.0.ANE.J.[0.0) XIRTCC = XINT=CCL

SUM = Z0T+#lsJ+1)%CTC1 *XIMY

C = C + Su4

€2 = ¢
1ICC COAT INLE

CO= L%(XINTCOC ~ XINT2C - XN2HXINTN2)

VERP = SQRTI( I, % A2-5.%AC*XFZ+SORT{ (5. %AD#XH2~3,2A2)%%2123 ., ACHA2 %X
IMZ I /(L 2A2%XMZ 1)

vEaM = - yilep

wiITE (6410011006 VORPVLRH,C2 ’

1CC1 FCRMAT . {IXsSFUC = yE]lS Ry SXaTHVOKRP = ¢E15.8¢5X«7THVORM = (E19.8¢5X e

I5FC2 = +E15.8)

C206C = Q2/¢¢C

CT = CC*(1,s - Q2L00%XK*XK)

aRITF (€,1204) C2000,Q7

1C04 FORMAT (LXeB8HQ2/QC = +E1S5.3¢5X,LIHQG(TUTAL) = ,F15.81)

CALL PLOT {XoeXV2,A03A1 0724804819829 33,8B4%,B5,869BT79BB8yB89,C0,C1+C2,
1C3,L4eCh4L62CTsCByLI5C10,C114C12,C13,014,P5I11,PSI21,PSE12,P5122,P
2ST13.PSI23,PS1144PS124,YC,0ELY!

GL 7C ¢

ENT
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.SIEFYC SESC3e SIF. FQN, SOLVR OR MATRIX INVRTR
SUBRCUTINE SESOMI(XoNyAB,PS,MAL,MN2 D4R, E)
CCUBLE PRECISIGN WORK2SAVReX,Y+DySUM, SAVEB
CGURLE PRECISION xH,XFZ-AC.Al.AZ.BO.81.82.53.86.85.56.87.»f.89yco.
1C14CErC3,CooC55CEWCT4CBsCS+C1CC1E,CL2,L13,C14
BIMEAS ICK X{MN1,MN2),WCRK(S9),SAVR(50)
CIMENS ICN THLOLEC)
E=C.
R=G.
CO 27 E=1.n
27 SAVR{L)=X{1l,1)

B0 21 [=1.N

T 21 IRl )=t
IF{MS)€e 440
& KN=N+N
NB=N
MN=N+1
DC 14 [=1,N
CO 14 J=MN BN
14 X{1.4)=C.00
L6 1% I=1,N
J=T+h
15 xti.Jd)=1.L0
GC TC 16
& Nh=NshpP
16 JJ=NA
SAVEB=X(1,N+])
ANN=N-1
C=1.LC
€0 5 I=1.N
H=N-~J
IF{KK) 19410426
26 LL=KK+}
[JJ=1
L=t .
wORK =X
DC 17 Il=1,LL
CO 17 J=1,tL
IFCABS (WCRK ) ~ABSIX(I1,44)))18,17,17
18 WORK=X{I[,J)
L=J+1-1
10=J
17 CONTINLE
IFE1JJ-112,2,16
19 DC 2C II=1,N
Y=X{I1,1)
XCID=1)=X(11,100)
20 x{Ui.1JJ)=Y
IY=IHLEL )
FFLDCT )= IHLD(L)
f-LD(L)=1Y
b=-D
2 DD 1 L=1,KK
IFCABSIX)I-ABSIX{L4Y,13)) 791yl
T B==D
£0 & J=l,JdJ

I
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B L

Y=X€ 1, J}
X(l.J):X(LGI.J)
S x(Lel, J)=y
1 CCNT INLE
10 Ji=dy-}
IF(Xil11+8,21
1l C=C*x
R=Re ],
-0C 12 J=1,42
12 WCRK (S J=x(1,J411/X
KK=JJ+ )
CC 3 K=1,NNN
DO 3 J=2,kK
k] X(K.J-l)=x(K'l.J’-X(K#ly]J'hDRKlJ-l)
DO 5 J=1,44
5 X{Ns J)=NCRK(J)
LLELES
DC 22 I=1,NN
L=1+1
CC 22 J=L.i
IFI!FLC(l)-lHLD(J))ZZ.EZ'EE
22 IY=1KLEC( 1)
IFLOCT)= ML DY)
[FLDtJ)=1Y
£C 2¢ K=1,NB
¥Y=X{ oK)
X{IoK)sx{J,K}
25 X{JvK) =y
22 LCNTINLE
Suv=C, o
DC 28 =1,y
2% SUM=SUN¢X({‘II*SAVP(I)
TESI=AES((SAVEB-SUM)/SAVEB)
IF(TEST-.OJOOI}IE.IBvB
13 RETURN
8 F=1,
Gy TC 13
ENC
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$18FTC 1GRT

SUBRCUTIME IGRAT(LL+UL.DELTA,ANS,NOEQ)
DIMEASICN Flo) Ul6)sRL2)

CATA

(LET)s I=14€) / o1163C955,-.11930959,.33060467,~.33060469,

A L466224T69— 46623476 /

CATA
REAL
LLIM
LLIM
MULT

(ROT), I=142) / o23365€657,.1803B8079..85652246E-1 /
LLIMJMULT,LL

= UL

= LL

= 1.0

IFLULIP 7. LLINM) €0 TC S

Pl
LLIM
UL IM
_FULT
5 A =
CEL
LAST
ANS

= LLIM -
= ULIM

LL M

= ABS(DELTA)
=1

= C.0

IF(AES (ULIM-LLIM) - .C0OCO1)80,8Cy10

10 8 =

IF{B
2 8 =
20 LAST

2+ 1 O*CEL

-ULIM)40+20,2C
L

=2

4C DG 5C i=1.¢

X =
CALL

50 CCNT
&C ANS
A (F¢
cCT

7C A =
GC 7

80 ANS
RETU
END

(B-a)=u(l) + .5%(A+R)
INTEGS(XsFLI),NOEC)
INLE
= ANS + (B-A)S{RILI*®(FLILII4F(2)) + R{2I*[F{3)+F(4)) + R{3)¥
E)4E(06) 1))
T (70.8C)sLAST
E
c
= AMNS * MULT
RN

$IEFTC INTESC

SUBRCLTINE INTEQS(X,Y,N)
COMMEN XTeXJJ

Y =

(X2axf){)l,~X¥X)¥%XJ)

RETURN

ENC
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$ IBFTC PLOTT LIST,REF

SUBRCLTINE PLOT XM, XM2,00,A14A2,80,B81,82,83,84,R5,B6+87,88,89,C
10+C14C 20220 C4yCS5el6sCT9C8yCG9yC10,C114C12,013,4C14,5%X1,5Y1,5X2,5Y2,S
2X395Y3,5X4+5Y4,YCy DELY)

DIVMENSICN AA(16)+88014),CCU14),RRI13),RI(13),AAL(14),BBLI14),AA2(1
141,8B2(14)

CCUBLE PRECISICN BB,CCyRR,RI,AAL,BB1,AA2,BB2
L =1

XM4 = XMZHXM2

YF = YC + 4.%DELY

GC TC (5410,154+20)L
CUNT INLE

X=5x1
Y = SY1
G TC 25
1C CCATINLF
X = SXé&
Y = Sy2

GC TC &5
15 CONT INLE
X = Sx?
Y = Sy:3
GC TC 25
27 CCATINLE
X = SX4%
Y = £Y4
22 CONTINLE
LALL) = X
AA(L + 4) = Y
L =1L 41
IF( L.CT.4) CU YC 30
GC TC 2
35 CCNTINLE
N =1
22 GC TC (35440) «N
35 ¥ = ]
LU CONTIINLE
Y = Y6
36 Y2 = Y#Y
co = YR (ADHY25 (Y25 ((A2%XNL)RYZH{AO¥XML—2 , XA2EXM2} ) +{A2-2,%A0%XM2
1)1}
Gl = YR(({AL1=2,%AC) #Y2¥{ (A1%XMA+Z , XA2EXM2)2Y2 + (2.%A0KXM2-2.2A1%X
IM2=2.%42)))
G2 = YA((AD-2.%A1) + Y2¥([Z ,¥A2%XM2 + A2))

[, ]

C

G3 = Y*(A])
EB(L)= C2
RB{2)= J.C
PR({3)= G2
EB(4)= 2,0
EB(5)= G1
BBl&l= C.0

BB(7)= GC -~ AA(M)
0O 361 1 =1.14
361 CC(I) = C.O0D2
CALL RCITS(BBiCCe6v6sRRIRIZIERR AAL,BBL,AA2,2B2)
Y = Y + CELY
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401
1 o
-
Foo
h
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g S e e

IF(Y.GT.¥YE) GO TC 38

GL TC -2¢

Mz V]

IF {¥.€T.4) GU TC 60

GO TC 251

M=

CORY INLE

Y = Y0

Y2 = Y#Y

AF) = CO

AFl = Cz = 2.%C0%XM2

AF2 = C5 = 2,%C2%XM2 + XM4%((

AF3 = C9 ~ 2,%CE2XM2 + XM4x(2

AF4 = Cl4~ 2.%CSHXM2 + XM4*CS

AF5 = =2.%C14%XM2 + XxM4%¥(CG

AFE6 = XNGEC 14

AFB = C1 - z.*CC

AF9 = Ca4 =~ 2.%C2 — 2.%CL*XM2 + 2,%XM2%*CC

AFL10 = €8 = Z4%(S = 2.,%C4#XM2 + 2,%#XM2%(2 + XM4x%(C}
AF11l = Cl3~ Z2.%(G ~ 2.%CR2XM2 & 2,%XM2%(C5 + XMe%(4
AF12 = =2,%C14 = 2.%C13%XMZ ¢ 2,5XM2¥C9 + XM4x(C8
AF13 = 2,3XM2%C14 + XM&*(C 12

AFl4 = (2 - 2,¥C1 + CO

AF15 = (T7-2.%C4=-2.,*¥C3%XM2402+2,3XM2%(1

AFLe = Cl2 -Z2.3CE-2.%CT*XN2 + C5 + 2,*XM2%C4 + XM4x(3
AFL17T = =2,%(C13-2 *C12%XM2 4+0S + 2.¥XM2%(8 + XM4%(C7
AFL18 = Cl4 + 2.%XM2%C12 + XM4R( 12

AF1e = C6 —-2,%C2 + C1

AF2C = Cl]1 -2.%C7 =2.,%C6%xXN2 + C& + 2,%XM2%(C3

AF2l = =2.%C12 ~ 2.%C11#XMZ +08 +2,%XM2¥(T + XM4&%*(CH
AF22 = C13 + 2.9xM2%C12 + xM4x%(Cl]

AF23 = C10 = 2.%C6 + C3

AF24 = ~Z2,%C11 - 2,2C1C*XMZ + C7 + Z.,%AM2%{ 6

AF25 = (12 + Z.%C11%XP2 + XM4%C10

AF26 = -~ 2,%C1lG + C¢&

AF27 = C11 + 2.%xM2%C10

PB(1}= Y»(CiC)

£Bl2)1=C.C

FR(3 )= Y¥{AF26 + Y2%(AF271i}

BRi4 )=C.0

EB(S )= Y*LAF23 + Y2XLAF2E5%V2 4 AF24))

8B(6)= (.0

CB{T )= Y*{AF19 + Y2¥(Y2%(AF22%Y2+AF21)42F20))

BBIE )= (.0

EAI9)Y =YR{AFL&4+Y 22 (Y2 (YZ*{AFL18%Y2+AFLT)I+AF16)+AF15))

8p(1C) = 0.0

BRI L) =Y R (AFBHY2R{YIR(YZH (Y25 (AF13%Y2+AF12) +AFLL1)+AF1Q)+AF9))
gR(1z)= C.0

BRUIZ) =Y (AFCHY2(YZH{Y2H(N22(Y2¥(AT6RY2+4AFS ) +AF4)+AF3)+AF2)+AFL))
BB(1<)= ~AALN ¢4)

DC 411 § = 1,14

CCII) = 0.000

CALL RCCTS(ERsCL 13412,k 4RI, IcFRyAAL,BB19AA2,BB2}Y

Y= Y +CELY

IF(YL.GT.YF) GO TC 43

GO TC «1
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43
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C

ac

LEE SN |

CIFt M.ET.%) GO 10.60 : -
60 TC 40% ; :

N o= At

IFIN.GT,2} 6C TO 65

GC TC 2

CCATINLE -

CELY = C.19

X = 0,95

CONT *MUE

TL = (1.0 ¢ X)/i1.0 = X)

T2 = A1/AC :

T3 = 0.5/(AC + Al)

T4 = AC/AL

IF (14.GE.0.0) €C TC 76

15 = SCPT(-T2) v
THETL = T3*(ALOG(T1)+TS*ALLGI(1.G+T5%X)/ (1. 0-T5%X}))
60 TC 75 : ‘
TCAT INLE

TS = SCRT(T2)

THETL = 73%(ALTEITI) + 2.CHTS*ATAN(T5%X})
CCNT INLE

X2 = Xxax ‘

Wl = (1.0-X2)eX#(X2%(X7#(B6*X2 + 63) + B1) + 80O)
X = x 4+ CELX

DELX = 0.20 ‘

IF{X.GT 0.8,ANDeXoLToll) X = 0,99
IF(X.GT.1.0) GO T0 &C

GL TC €9

CCNTINLE

RETURK

ENC
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$IEFTC RCOST

SUBRCLTINE RGOUTS (AyBsMNARyRRyRI,TERR)AL14A2,451,B2)
CIMEASICN All3, B(1), RR(1)y RIC1), ALLLl), BLE1), A2{1), B2(1)
DOUBLE PRECISICN AsBoAlsB1leA24R2yRRyR[yCyDyCLl9D)yC29D24F+1GsFLeGLoF
12¢G2 sFFHIFKo Xy Y s FV

1ERR=C

L=l

NahN

FM=] ,DC

IF (AN=1) 2542541

Ni=N+1

JA=NF

D)=CFAXL{DABS{AIN®L) ) ,CABS(BINe])))

02=CPAXTI(CARS{A} CABSIBY} )

FK=N

FM=Dzt2( 1 ,D0/FK)/C1%*%(1.,CC/FK)

IF {CABS(FM)LT.1.00) GO TC 27

K=N

00 2 I=14N

A(I)=ALI D (O 1%FMe¥K ]

B{I)=B(1)/(D1%FMEAK)

K=K~1

A{N])=AE{NT)/CT

B(NL )=E{NL1) /T

CO 4 I=1,N1

Al(IY=R1 1))

BL{I)}=ELI)

A2(ry=2 1

B2¢1)=F( 1)

Ja=j -l

AW=N-J2

Awl=hth+l

JR=J 2+ 1

IF {JAEC.D) GO TC &

CC 5 J=l,JA

C=A1-J

CG 5 [=14Nwl

C=h=-J~1+2

Atit)=C&a1(1)/C

vltl)=C=81{1)/C

IF (AL (P at] ) WuFGaCoDOGANC.B1(NW+1)EQ.D.DCH GC 10 3

X=1.C1

Y=,589

IL=1

Li=1

IF {MEC.1) GO TC 15

C=Al

C=81

Cl=A1
C2=—-81
Di=81

£2=A1

DU 8 I=1,NW
FaXxsC~Y%D¢ALl{14])
G=X4L+YRC+B1(1+1)
1€ (1 EC.NW) GO TO 8
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Fl=x2Cl-Y¥D1+F
F2=X4( 2~-Y*D2-G
Gl=A*#C1+Y*C 146
G2=X9Lz¢YRC2+F
C=F

C=G

Cl=F}

C2=F¢

D1=G1

D2=062

C=CMAX I LARSIFL),CABS{EI )
C=CMAXI(LABS(F2),CABS(C2})

IF (C.LT.D) GO TC 10
IF (C.EQ.LABS(F1}) GO
Cl=Fz-F1%{G2/G1)

IF (C1.£C.0.00) ¢CC TU
Fr=(-F+F1*{G/G1))/CL
Fk==C/CLl-FK%C2/G1

G0 TC 12
Cl=6G2~Cl*{F2/F1)

IF (C1.EC.D.L0) co To
FK=(~G4GL¥(F/Fl1)Y)/C1
Fh==[/F1-FK%F2/F1

6 TC 12

IF 1C.5C.DABSIG2)} GO
Cl=G1-C2*(F1/F2)

IF {C1.ECD.C%) €C Tu
FH={ -G4C2%(F/F2))/C1L
FK==t/F2~FHRF1/F2

GC TC 12
Cl=F1-F2%(G1/G2)

IF (C1.(C.N.C0) CC TC
Fh={-F4F2%{G/G2)}/C1
FK==~C/C2-FH%RCL/CZ

e X=X+Fh

Y=Y+FK

TE CIXPE24Y %82 ) S EQ ( (X4FF1¥E24 (Y4FK1%%2}) ) GO TQ 16

FHI= SNCLIX+FHR)-SAGLEX)
FK1=SNCLUY+FKI-SAGLIY)

IF (FFI.NF,OosCR(FK1WNELTs) GC TU 14

6C ¥C 11%,14), 1L
LL=15%4

=z

LL=L1+]

T s

24

26

28

IF (LL.GV.20C) €C TO le

GU TC 1
C=pl#2Z+4p)%%2

X=(~A1#AL{2)-B1*PL{2})/D
Y=(~21281(2)+B1%p2(21}/D

IF (JALEC.D) GC TC 18
CO 17 I=1.N

A201 41 )sX*A2(1i-Y*B2U1)+A2(1+1)
B2{I41)=X*22(T1)+Y*%A2(1)+R2{1+1])
IF (1ABSCA2(N41))4GTo1.0-8.CRLOBS({BZIN1)).GT.1.0-8) GO TU 21

CC 2C 1J=1,JR
DC 1S I=1sN

T A AT B o e PR b e o B
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i9

20

<l
22

23

24
25
2L
21

28

A(T+Y)=X3A T )~YoE(L1)4AL]¢])
BUI+T)aX2BlT)ry®A ([} eBL{+1)
N=N-1

Ni=N+]

RRILL b= x/FH

RI{_I=Y/FNM

L=L+1

IF (A=1) 26,25.21

IF (AW=~1) 3,3,22

OC 22 I=1yNY%

ALCEA1 B=Xo (1 )-Y#BLU L e {+];
BU{E4L )= x*3 L (1D eVRAL L)+ 1T ¢])
AR=Nh-§

T 24 I=1eN1

YRR BLYIBS!

82i1)=€.1)

GC (¢

D:}#t?oettz

FRU_ D= (=B%A(2)-R+B{2))/(CoFM)
RIAL )= {=22n{2)+E*A(Z) )/ (LEFM)
RETUFN

FMz; OC

G TC 2

T1EFR=]

RETUERN

END
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A = 0.10000000E 01

A0

A2

BO

B2

B4
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B8

Cco

c2

C4

C8

C10

Ci2
C14

0.81325744E-02

~0.97284416E-03
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-0.15927414E~04

-0.64739868E-04
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APPENDIX B

RESULTS

CASE 5

Al

B1

B3

B7

B9

C1

C3

C7
C9
Ci1

C13

-0.68602736E-03

=0.11393347E-02

0.40119893E-03
0.15275917E-03
-0.10873222E-03

-0.11241284E-04

-0, 15786941E-05

0.53272846E-06

0.13238618E-05 -

-0.18405079E-05
. 11645324 E-96
0.37296582E -07

C.13214829E-07

DTS, S PR

YR e R A AR i




D2
A D4
o6
D8
Dio
D12
Di4
D16

D18

D20

D22

D24

D26

D28

D30

D34

L

Q0
Q2

i

DO = -0,78940970E-06

0.12408060E-05
-0,36843782E-05
0.29335931E-05
0.19504965E-05
‘-0.11768777E—05
-9, 17012412E-05
-0.51517571E-G7
0.48715251E-06
0.32555807E-06
0.66277360E-08
-0,63921863E-07
~0.83927032E~07
- J.67632013-08
0.46206709E-09
0.75433856E—08
0.50265173E-08

0.24248057E-09

€.31415923E 01

-0.61047082E-06

Q2/Q0 = -0.19431892E-06

D5

D7 =

D9

0.27640558E-05
-0.040000082Ef05
—0;71110050E—06
0.40737273E-05

0.24598656E-06

D11 = -0.20369105-05

D12 = -0.51375617E-06

D15

D17

D19

D21

D23

D25

D27

D29

D31

D33

C35

= 0.25271631E-06
= 0.61277059E-06
= 0.93122271E-07
= -0, 18897032E-07
= -0.10283680E-06
= -0,34505248E-07
= -0.49788629E-09
= 0,14275470E-08
= 0,88623727E-08
= 0.15429692E-08

= 0,15090297E-10
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= 0.8258879€E 00

= -0.82583796E 00

C =6.50

XM = 0.15000000E 01
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ek

'S
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F g A = 0.10000000E 01

r g A0 = 0.41087188E-02 Al = -0.19523771E-02
g A2 = -0.19677409E~02
% BO = 0.38130281E-03 Bl = -0.51625305E-03 _
'E B2 = -0.55811986E-03 B3 = 0.27185692E-03
B4 = 0.56902572E-03 B5 = 0.20099952E-03
i B6 = -0.48034968E-04 B7 = -0.11503959E-03 P
E B8 = 0.55882562E-04 B9 = 0.21533363E--03
CO0 = C.19831074E-05 C1 = -0.20306899E-05

C2 = -0,89426459E-06 C3 = 0.83055011E-06

: C4 = 0.68938810E-06 C5 = -0.20637122E-06
C6 = -0.17443536E-06 C7 = -0.39693449E-07
% C8 = 0.39080392E-06 C9 = 0.31098098E-06
§ C10 = 0.11950084E-07 C11 = -0.39021902E-07
v :
§ C12 = -0.24146492E-06 C13 = -0.40512033E-06

= -0.24739573E-06 T
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DO = -0.52650429E-07 D1 = 0.38062327E-06
D2 = 0.23159584E-06 D3 = -0.76367925E-06
§ | ‘D4 = -0.14998904E-05 D5 = -0.73885116E-08
,i ' D6 = 0.78764179E-06 D7 = 0.28239710E-05
D8 = 0.35036516E-05 D9 = 0.13379614E-05
D10 = -0.47970180E-06 D11 = -0.25918261E-05
D12 = -0.53988222E-05 DI3 = -0.42535094E-05
D14 = -0.12328861E-05 D15 = 0.17762290E-06
D16 = 0.13072291E-05 D17 = 0.38765723E-05 ’
D18 = 0.50280913E-05) D19 = 0.35096484E-05 ;
D20 = 0.38015629E-06 D21 = -0.36900270E-07
D22 = -0.34301843E-06 D23 = -0.13097306E-05
D24 = -0.25300329E-05 D25 = -0.24191602E-05
D26 = -0.84063161E-06 D27 = 0.91408365E-07
; D28 = 0.32482919E-08 D29 = 0.36867079E-07
D30 = 0.17688326E-06 D31 = 0.45445078E~06
D32 = 0.64932289F-06 D33 = 0.46538070E-06
D34 = 0.84701632E~07 D35 = -0.52653376E-07
Q0 = 0.10471974E 01
Q2 = -0.15016421E-07

Q2/Q0 = -0.14339628E-07
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XM = 0.20000000E 01

A = 0.10000000E 01

A0
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BO

B2

B4

B6

B8

Co

Cc2

C4

i
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0.69444444E-02

-0.17361111E-02

0. 82465277E-03

-0.91145833E-03

0.781250600E-03

~0.43402777E-04

-0.13020833E-03

0.53172977E-05

-0.30337271E-05

€.14931815E-05

0.14424534E-06

-0.43273602E-06

0.53822889E-08

0.32293733E-07

0.53822889E-08

0.28793975E 00

-0.28793975E 00

CASE 10

Al

B1

B3

B4

B7

B9

C1

C3

c7

C9

Cl1

C13

"

-0.17361111E-02

~0.91145833E-03

0.39062500E-03

0.39062500E-03

-0.13020833E-03

-0.43402777E-04

-0.30337271E-05
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DO = -0.2708106CE-06 D1 = 0.14618229E-05
o D2 = 0.85993357E-06 D3 = -0.24770679E-05
. D4 = -0.38892866E-05 D5 = -0.14446701E-05
: D6 = 0.21444442E-05 D7 = 0.55700687E-05
D8 = 0.51091772E-05 D9 = 0.13936700E-05
D10 = -0.10670710E-05 D11 = -0.38699997E-05 ‘
v D12 = -0.57397364E-05 D13 = -0.30777047E-05
D14 = -0.76396422E-06 D15 = 0.31178924E-06 ‘
D16 = 0.14493480E-05 D17 = 0.28736014E-05 ;
D18 = J,23597631E-05 D19 = 0.16021832E-05 g
i :
D20 = 0.22322972E-06 D21 = -0.4668¢v1€E-07
| D22 = -.26815118E-06 D23 = -0.64046568E-06
L24 = -0.81407119E-06 D25 = -0.58064111E-06
; D26 = -0.02029153E-06 D27 = -0.34721103E-07
D28 = 0.26964840E-08 D29 = 0.18191922E-07
D30 = 0.52525373E-07 D31  0.84124962E-07 '
D32 = 6.80707635E-07 133 = 0,46 :185E-07
D34 = 0.14774596E-07 D35 = 0.2013¢. 7E-08
Q0 = 0.15707962E 01
Q2 = -0.12776789E-06

Q2/Q0 = -0.81339574E-07
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APPENDIX C

LIST OF SYMBOLS

C
constant = 2(m? + 1)
constants i=10,1,2
constants i=0,1,2,...,9
2

constant = ——

EW,
constants i=0,1,2,...,14
constants i=o0,1,2,...,35

eccentricity of the cross-sectional ellipse

constant

= components of the body forces

= constant = mean pressure gradient

2Wia®
Ry

constant

'sz - 1 when

constant related to the eccentricity by e =

m = lande =—11;~[1-— m?when 0 < m =
pressure

dimensionalized velocity components
dimensionalized velocity in the x-direction
cylindrical coordinates

radius of curvature of the center of the pipe

P L VR Rt )
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nondimensionalized valocity in the g-diraction

= velocity along the central axis for the flow ihrou_gh a straight

elliptic pipe
= first-order ;ppro;cimation of W
second-ordez; approximation of W
absclute viscosity
=-§—= kinématic viscosity
fluid density
stream function
first-order approximation of the stream function
¥, = second-order approximation of the ciream function

The ' superscripts with parameters denote dimensionzlized variables.




e

i

T

o
121 .
L
UNCLASSIFIED
‘ e ttcutity Classification
) DOCUMENT CONTROL CATA-R&D
(Security classification of title, body of ad and index! must be d when the overall report s classlfied)
1. QRIGINATING ACTIVIiTY (Corposate author, 28. REPOAY SECUKITY CLASSIFICATION P
Structures and Mechanics Laboratory Unclassified
Research and Engineering Directorate (Provisional) PYSRT YY)
u. Army Missile Command - aRou
Redstone Arsenal, Alabama 35809 N/A
3. REPORT TIiTLE
STREAMLINE MOTION OF A VISCOUS, INCOMPRESSIBLE FLUID IN A CURVED
PIPE WITH AN ELLIPTICAL CROSS SECTION
4. DESCRIPTIVE NOTES (Type of report and inclusive dates)
None
8. AUTHOM(S) (First name, middle initial, lzst name)
Bobby R. Mullinix
6. REPORT DATK 78. TOTAL NO. OF PAGES 78. NO. OF REFS
28 May 1969 130 10 |
82, CONTRACT OR GRANT NO. 92, ORIGINATOR'S REPORT NUMBER(S) :
a eroszcr no. (DA) 1M222901A206 RS-TR-569-3
e. AMC Management Structure Code No. S GTHER REFGRT NOW (Avy ofber mumbers it may e eeiigned g
5221.11, 148 * roport)
' AD
10. DISTRIBUTION STATEMENT -
11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY
None Same as No, 1
[13. ABS TRACT ‘
"This study concerns the laminar flow of ar incompressible fluid through a r
curved pipe with an elliptical cross section, The governing equations are derived
by applying the Navier-Stokes and continuity equations in cylindrical coordinates and
the method of successive approximations to get the five partial differential equations.
Th2se equations are solved by the perturbation method, and twenty numerical R
eximples are presented, For each example, arbitrary numerical parameters are
. assumed for input into an IBM 7094 Computer to obtain solutions for the simultaneous
algebraic equations., For an eccentricity of one, the ellipse degenerates to a circle
and Dean's solution ‘or the streamiline flow of an incompressible fluid through a
curved pipe with a circular cross section is obtained,
L' ronn REPLACES DO FORM 1470, 1 ZAN 64, WHITH 18 !
D T ..'47 O0OOLETE FOR ARMY USE. UNC LASSIFIED iv

Tecurlty Classification

SN R e




e ot i 5 o s i . S+ e

Vi s o a3

i o

oo

—

-

s i A .

s e

arerromm:

122

UNCLASSIFIED
ty

KEY WORDS

LINK A

LINK B

LINK C

ROL K wT

»oL& Y

ROLE LAJ

Nawtonian
Viscous
Streamline
Visco-Elastic
Nonlinear
Incomprersible
Eccentric

b B D
%um

sz

ke AT AR T Y,




